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PREFACE

This book is based on lectures prepared for a year-long course of the
same title, designed as a central part of a new curriculum in applied
physics. It was offered for the first time in the academic year 1971-1972
and has been repeated annually since.

There is a good deal of doubt about precisely what applied physics is,
but a reasonably clear picture has emerged of how an applied physics
student ought to be educated, at least here at Caltech. There should be a
rigorous education in basic physics and related sciences, but one centered
around the macroscopic world, from the atom up rather than from the
nucleus down: that is, physics, with emphasis on those areas where the
fruits of research are likely to be applicable elsewhere. The course from
which this book arose was designed to be consistent with this concept.

The course level was designed for first-year graduate students in
applied physics, but in practice it has turned out to have a much wider
appeal. The classroom is shared by undergraduates (seniors and an
occasional junior) in physics and applied physics, plus graduate students
in applied physics, chemistry, geology, engineering, and applied math-
ematics. All are assumed to have a reasonable undergraduate background
in mathematics, a course including electricity and magnetism, and at
least a little quantum mechanics,

The basic outline of the book is simple. After a chapter designed to
start everyone off at the same level in thermodynamics and statistical
mechanics, we have the basic states—gases, solids, and liquids—a few

xi
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special cases, and, finally, phase transitions. What we seek in each case
is a feeling for the essential nature of the stuff, and how one goes about
studying it. In general, the book should help give the student an idea of
the language and ideas that are reasonably current in fields other than the
one in which he or she will specialize. In short, this is an unusual beast: an
advanced survey course.

All the problems that appear at the ends of the chapters were used as
either homework or examination problems during the first three years in
which the course was taught. Some are exercises in applying the material
covered in the text, but many are designed to uncover or illuminate
various points that arise, and are actually an integral part of the course.
Such exercises are usually referred to at appropriate places in the text.

There is an annotated bibliography at the end of each chapter. The
bibliographies are by no means meant to be comprehensive surveys even
of the textbooks, much less of the research literature of each field. In-
stead they are meant to guide the student a bit deeper if he wishes to go
on, and they also serve to list all the material consulted in preparing the
lectures and this book. There are no footnotes to references in the text.

The history of science is used in a number of places in this book,
usually to put certain ideas in perspective in one way or another. How-
ever, it serves another purpose, too: the study of physics is essentially a
humanistic enterprise. Much of its fascination lies in the fact that these
mighty feats of the intellect were performed by human beings, just like
you and me. 1 see no reason why we should ever try to forget that, even
in an advanced physics course. Physics, I think, should never be taught
from a historical point of view—the result can only be confusion or bad
history—but neither should we ignore our history. Let me hasten to
acknowledge the source of the history found in these pages: Dr. Judith
Goodstein, the fruits of whose doctoral thesis and other research have
insinuated themselves into many places in the text.

Parts of the manuscript in various stages of preparation have been
read and criticized by some of my colleagues and students, to whom 1 am
deeply grateful. Among these 1 would like especially to thank Jeffrey
Greif, Professors T. C. McGill, C. N. Pings and H. E. Stanley, David
Palmer, John Dick, Run-Han Wang, and finally Deepak Dhar, a student
who contributed the steps from Eq. (4.5.20) to Eq. (4.5.24) in response to
a homework assignment. I am indebted also to Professor Donald
Langenberg, who helped to teach the course the first time it was offered.
The manuscript was typed with great skill and patience, principally by
Mae Ramirez and Ann Freeman. Needless to say, all errors are the
responsibility of the author alone.

Pasadena, California Davip L. GOODSTEIN
April 5, 1974



ONE

THERMODYNAMICS AND
STATISTICAL MECHANICS

1.1 INTRODUCTION: THERMODYNAMICS AND STATISTICAL
MECHANICS OF THE PERFECT GAS

Ludwig Boltzmann, who spent much of his life studying statistical
mechanics, died in 1906, by his own hand. Paul Ehrenfest, carrying on the
work, died similarly in 1933. Now it is our turn to study statistical mechanics.

Perhaps it will be wise to approach the subject cautiously. We will begin
by considering the simplest meaningful example, the perfect gas, in order
to get the central concepts sorted out. In Chap. 2 we will return to complete
the solution of that problem, and the results will provide the foundation of
much of the rest of the book.

The quantum mechanical solution for the energy levels of a particle in a
box (with periodic boundary conditions) is

_ h2q2

o (1.1.1)

q

where m is the mass of the particle, # = 2n# is Planck’s constant, and q
(which we shall call the wave vector) has three components, x, y, and z,

given by
2n
= | — 7%, etc. 1.1.2
q <L> (1.1.2)

where £, =0, %1, £2, etc. (1.1.3)
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and > =q+4q +q (1.1.4)

L is the dimension of the box, whose volume is [, The state of the particle
is specified if we give three integers, the quantum numbers /,, /,, and /,.
Notice that the energy of a particle is fixed if we give the set of three integers
(or even just the sum of their squares) without saying which is £,, for example,
whereas /,, £,, and /, are each required to specify the state, so that there are a
number of states for each energy of the single particle.

The perfect gas is a large number of particles in the same box, each of
them independently obeying Eqs. (1.1.1) to (1.1.4). The particles occupy no
volume, have no internal motions, such as vibration or rotation, and, for the
time being, no spin. What makes the gas perfect is that the states and energies
of each particle are unaffected by the presence of the other particles, so that
there are no potential energies in Eq. (1.1.1). In other words, the particles are
noninteracting. However, the perfect gas, as we shall use it, really requires
us to make an additional, contradictory assumption: we shall assume that the
particles can exchange energy with one another, even though they do not
interact. We can, if we wish, imagine that the walls somehow help to mediate
this exchange, but the mechanism actually does not matter much as long
as the questions we ask concern the possible states of the many-particle
system, not how the system contrives to get from one state to another.

From the point of view of quantum mechanics, there are no mysteries
left in the system under consideration; the problem of the possible states of
the system is completely solved (although some details are left to add on
later). Yet we are not prepared to answer the kind of questions that one
wishes to ask about a gas, such as: If it is held at a certain temperature, what
will its pressure be? The relationship between these quantities is called the
equation of state. To answer such a question—in fact, to understand the
relation between temperature and pressure on the one hand and our quantum
mechanical solution on the other—we must bring to bear the whole apparatus
of statistical mechanics and thermodynamics.

This we shall do and, in the course of so doing, try to develop some
understanding of entropy, irreversibility, and equilibrium. Let us outline the
general ideas briefly in this section, then return for a more detailed treatment.

Suppose that we take our box and put into it a particular number of
perfect gas particles, say 1023 of them. We can also specify the total energy
of all the particles or at least imagine that the box is physically isolated, so
that there is some definite energy; and if the energy is caused to change, we
can keep track of the changes that occur. Now, there are many ways for the
particles to divide up the available energy among themselves—that is, many
possible choices of £,, £,, and ¢, for each particle such that the total energy
comes out right. We have already seen that even a single particle generally
has a number of possible states of the same energy; with 1023 particles, the
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number of possible quantum states of the set of particles that add up to the
same energy can become astronomical. How does the system decide which of
these states to choose?

The answer depends, in general, on details that we have not yet specified:
What is the past history—that is, how was the energy injected into the box?
And how does the system change from one state to another—that is, what
is the nature of the interactions? Without knowing these details, there is no
way, even in principle, to answer the question.

At this point we make two suppositions that form the basis of statistical
mechanics.

1. If we wait long enough, the initial conditions become irrelevant. This
means that whatever the mechanism for changing state, however the particles
are able to redistribute energy and momentum among themselves, all memory
of how the system started out must eventually get washed away by the multi-
plicity of possible events. When a system reaches this condition, it is said
to be in equilibrium.

2. For a system in equilibrium, all possible quantum states are equally
likely. This second statement sounds like the absence of an assumption—
we o not assume that any particular kind of state is in any way preferred.
It means, however, that a state in which all the particles have roughly the
same energy has exactly the same probability as one in which most of the
particles are nearly dead, and one particle goes buzzing madly about with
most of the energy of the whole system. Would we not be better off assuming
some more reasonable kind of behavior?

The fact is that our assumptions do lead to sensible behavior. The
reason is that although the individual states are equally likely, the number
of states with energy more or less fairly shared out among the particles is
enormous compared to the number in which a single particle takes nearly all
the energy. The probability of finding approximately a given situation in the
box is proportional to the number of states that approximate that situation.

The two assumptions we have made should seem sensible; in fact, we
have apparently assumed as little as we possibly can. Yet they will allow us
to bridge the gap between the quantum mechanical solutions that give the
physically possible microscopic states of the system and the thermodynamic
questions we wish to ask about it. We shall have to learn some new language,
and especially learn how to distinguish and count quantum states of many-
particle systems, but no further fundamental assumptions will be necessary.

Let us defer for the moment the difficult problem of how to count
possible states and pretend instead that we have already done so. We have N
particles in a box of volume ¥ = L3, with total energy E, and find that there
are I possible states of the system. The entropy of the system, S, is then
defined by

S=klogll (1.1.5)
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where k is Boltzmann’s constant
k = 1.38 x 107'% erg per degree Kelvin

Thus, if we know I', we know S, and I’ is known in principle if we know N,
V, and E, and know in addition that the system is in equilibrium. It follows
that, in equilibrium, S may be thought of as a definite function of E, N, and ¥,

S = S(E,N, V)

Furthermore, since S is just a way of expressing the number of choices the
system has, it should be evident that S will always increase if we increase E,
keeping N and V constant; given more energy, the system will always have
more ways to divide it. Being thus monotonic, the function can be inverted

E = E(S,N, V)
or if changes occur,

dE = (2BY as+ (B av +(%E) an (1.1.6)
3S Juv 3V Jsw N sy

The coefficients of dS, dV, and dN in Eq. (1.1.6) play special roles in thermo-
dynamics. They are, respectively, the temperature

T = (%E (1.1.7)
oS [yv
the negative of the pressure
_p= (% (1.1.8)
oV Jsn
and the chemical potential
u=(%E (1.1.9)
oN Jsv

These are merely formal definitions. What we have now to argue is that, for
example, the quantity 7 in Eq. (1.1.7) behaves the way a temperature ought
to behave.

How do we expect a temperature to behave? There are two require-
ments. One is merely a question of units, and we have already taken care of
that by giving the constant & a numerical value; 7" will come out in degrees
Kelvin. The other, more fundamental point is its role in determining whether
two systems are in equilibrium with each other. In order to predict whether
anything will happen if we put two systems in contact (barring deformation,
chemical reactions, etc.), we need only know their temperatures. If their
temperatures are equal, contact is superfluous; nothing will happen. If we
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separate them again, we will find that each has the same energy it started
with,

Let us see if T defined in Eq. (1.1.7) performs in this way. We start
with two systems of perfect gas, each with some E, N, V, each internally in
equilibrium, so that it has an S and a T; use subscripts 1 and 2 for the two
boxes. We establish thermal contact between the two in such a way that the
N’s and V’s remain fixed, but energy is free to flow between the boxes. The
question we ask is: When contact is broken, will we find that each box has
the same energy it started with?

During the time that the two systems are in contact, the combined system
fluctuates about among all the states that are allowed by the physical circum-
stances. We might imagine that at the instant in which contact is broken,
the combined system is in some particular quantum state that involves some
definite energy in box 1 and the rest in box 2; when we investigate later, these
are the energies we will find. The job, then, is to predict the quantum state
of the combined system at the instant contact is broken, but that, of course,
is impossible. Our fundamental postulate is simply that all states are equally
likely at any instant, so that we have no basis at all for predicting the state.

The precise quantum state is obviously more than we need to know in
any case—it is the distribution of energy between the two boxes that we are
interested in. That factor is also impossible to predict exactly, but we can
make progress if we become a bit less particular and ask instead : About how
much energy is each box likely to have? Obviously, the larger the number
of states of the combined system that leave approximately a certain energy
in each box, the more likely it is that we will catch the boxes with those
energies.

When the boxes are separate, either before or after contact, the total
number of available choices of the combined system is

I, =rI,T, (1.1.10)
It follows from Eq. (1.1.5) that the total entropy of the system is
S=8 4S5, (1.1.11)

Now suppose that, while contact exists, energy flows from box 1 to box 2.
This flow has the effect of decreasing I'y and increasing I';. By our argument,
we are likely to find that it has occurred if the net result is to have increased
the total number of available states I', "5, or, equivalently, the sum S; + S,.
Obviously, the condition that no net energy flow be the most likely circum-
stance is just that the energy had already been distributed in such a way that
', or S; + S,, was a maximum. In this case, we are more likely to
find the energy in each box approximately unchanged than to find that energy
flowed in either direction.
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The differences between conditions in the boxes before contact is estab-
lished and after it is broken are given by

6E, = T, S, (1.1.12)
0E, = T, 685, (1.1.13)
from Egs. (1.1.6) to (1.1.9), with the N’s and Vs fixed, and
E + E))=0 (1.1.19
since energy is conserved overall. Thus,
T,6S8, + T,6S, =0 (1.1.15)

If S, + S, was already a maximum, then, for whatever small changes do
take place, the total will be stationary,

88, + 88, = 0 (1.1.16)

so that Eq. (1.1.15) reduces to
T, =T, 1.1.17)
which is the desired result.

It is easy to show by analogous arguments that if the individual volumes
are free to change, the pressures must be equal in equilibrium, and that if the
boxes can be exchange particles, the chemical potentials must be equal. We
shall, however, defer formal proof of these statements to Secs. 1.2f and 1.2g,
respectively.

We are now in a position to sketch a possible procedure for answering
the prototype question suggested earlier: At a given temperature, what will
the pressure be? Given the quantities £, N, V for a box of perfect gas, we
count the possible states to compute S. Knowing E(S, V, N), we can then
find

(S, V, N) = <@> (1.1.18)
oS V.N

—P(S, V,N) = <“E> (1.1.19)
oV s

and finally arrive at P(7, V, N) by eliminating .S between Eqgs. (1.1.18) and
(1.1.19). That is not the procedure we shall actually follow—there will be
more convenient ways of doing the problem—but the very argument that
that procedure could, in principle, be followed itself plays an important role.
1t is really the logical underpinning of everything we shall do in this chapter.
For example, Egs. (1.1.6) to (1.1.9) may be written together:

dE=TdS — PdV + udN (1.1.20)
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Our arguments have told us that not only is this equation valid, and the
meanings of the quantities in it, but also that it is integrable; that is, there
exists a function E(S, V, N) for a system in equilibrium. All of equilibrium
thermodynamics is an elaboration of the consequences of those statements.

In the course of this discussion we have ignored a number of funda-
mental questions. For example, let us return to the arguments that led to
Eq. (1.1.7). As we can sec from the argument, even if the temperatures were
equal, contact was not at all superfluous. It had an important effect: we
lost track of the exact amount of energy in each box. This realization raises
two important problems for us. The first is the question: How badly have
we lost track of the energy? In other words, how much uncertainty has
been introduced? The second is that whatever previous operations put the
original amounts of energy into the two boxes, they must have been subject
to the same kinds of uncertainties: we never actually knew exactly how much
energy was in the boxes to begin with. How does that affect our earlier
arguments? Stated differently: Can we reapply our arguments to the box
now that we have lost track of its exact energy?

The answer to the first question is basically that the uncertainties intro-
duced into the energies are negligibly, even absurdly, small. This is a quan-
titative effect, which arises from the large numbers of particles found in
macroscopic systems, and is generally true only if the system is macroscopic.
We cannot yet prove this fact, since we have not yet learned how to count
states, but we shall return to this point later and compute how big the un-
certainties (in the energy and other thermodynamic quantities as well)
actually are when we discuss thermodynamic fluctuations in Sec. 1.3f. Tt
turns out, however, that in our example, if the temperatures in the two boxes
were equal to start with, the number of possible states with energies very
close to the original distribution is not only larger than any other possibility,
it is also vastly greater than all other possibilities combined. Consequently,
the probability of catching the combined system in any other kind of state
is very nearly zero. It is due to this remarkable fact that statistical mechanics
works.

The simple answer to the second question is that we did not need to know
the exact amount of energy in the box, only that it could be isolated and its
energy fixed, so that, in principle, it has a definite number of available states.
Actually, there is a deeper reason why we cannot speak of an exact energy
and an exact number of available states. At the outset we assumed that our
system was free, in some way, to fluctuate among quantum states of the same
energy. The existence of these fluctuations, or transitions, means that the
individual states have finite lifetimes, and it follows that the energy of each
state has a quantum mechanical uncertainty, E > #/t, where 1 is the lifetime.
7 may typically be estimated, say, by the time between molecular collisions,
or whatever process leads to changes of quantum state. We cannot imagine
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our box of gas to have had an energy any more definite than E. SE is
generally small compared to macroscopic energies due to the smallness of #.
The fact remains, however, that we must always expect to find a quantum
uncertainty in the number of states available to an isolated system.

Having said all this, the point is not as important as it seems; there is
actually less than meets the eye. It is true that there are both quantum
and thermodynamic uncertainties in the energy of any system, and it is also
true that the number of states available to the system is not as exact a concept
as it first appeared to be. However, that number of states, for a macro-
scopic system, turns out to be such a large number that we can make very
substantial mistakes in counting without introducing very much error into
its logarithm, which is all we are interested in. For example, suppose that
we had T’ ~ 10'°°, Then even a mistake of a factor of ten in counting I
introduces an error of only 19/ in log I', the entropy, which is what we are
after, since S = & log (10'°° or 10'°Y) = (100 or 101) log 10. In real sys-
tems I is more typically of order 10¥, where N is the number of particles,
so even an error of a factor of N in '—that is, if we make a mistake and
get an answer 1023 times too big (nobody is perfect)—the result is something
like 10%% x 101°** = [0U1%**+23) and the error in the logarithm is im-
measurably small.

The concept that an isolated system has a definite energy and a corres-

“ponding definite number of states is thus still a useful and tenable one, but
we must understand ““definite” to mean something a bit less than ‘“‘exact.”
Unfortunately, the indeterminacy we are speaking of makes it even more
difficult to formulate a way to count the number of states available to an
isolated system. However, there is an alternative description that we shall
find very useful, and it is closely connected to manipulations of the kind we
have been discussing. Instead of imagining a system isolated with fixed
energy, we can think of our sample as being held at a constant temperature—
for example, by repeatedly connecting it to a second box that is so much
larger that its temperature is unaffected by our little sample. In this case, the
energy of our sample is not fixed but instead fluctuates about in some narrow
range. In order to handle this situation, instead of knowing the number of
states at any fixed energy, it will be more convenient to know the number of
states per unit range of energies—what we shall call the density of states. Then
all we need to know is the density of states as a function of energy, a quantity
that is not subject to quantum indeterminacy. This realization suggests the
procedure we shall actually adopt. We shall imagine a large, isolated system,
of which our sample is a small part (or subsystem). The system will have some
energy, and we can make use of the fact that it has, as a result, some number
of states, but we will never calculate what that number is. The sample, on
the other hand, has a fixed temperature rather than a fixed energy when it is
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in equilibrium, and we will wind up describing its properties in terms of its
density of states. This does not mean that the sample cannot be thought
of as having definite energies in definite states—we certainly shall assume
that it does—but rather that we shall evade the problem of ever having to
count how many states an isolated system can have.

A few more words about formalities may be in order. We have assumed,
without stating it, that T and S are nonzero; our arguments would fall
through otherwise. Arguments of the type we have used always assume that
the system actually have some disposable energy, and hence more than one
possible choice of state. This minor but necessary point will later be en-
shrined within the Third Law of Thermodynamics.

Furthermore, we have manipulated the concept of equilibrium in a way
that needs to be pointed out and underlined. As we first introduced it,
equilibrium was a condition that was necessary before we could even begin
to discuss such ideas as entropy and temperature; there was no way, for
example, that the temperature could even be defined until the system had
been allowed to forget its previous history. Later on, however, we found
ourselves asking a different kind of question: What is the requirement on the
temperature that a system be in equilibrium? This question necessarily
implies that the temperature be meaningful and defined when the system is
not in equilibrium. We accomplished this step by considering a restricted
kind of disequilibrium. We imagined the system (our combined system) to
be composed of subsystems (the individual boxes) that were themselves
internally in equilibrium. For each subsystem, then, the temperature,
entropy, and so on are well defined, and the specific question we ask is:
What are the conditions that the subsystems be in equilibrium with each other?
When we speak of a system not in equilibrium, we shall usually mean it in
this sense; we think of it as composed of various subsystems, each internally
in equilibrium but not necessarily in equilibrium with each other. For sys-
tems so defined, it follows by a natural extension of Egs. (1.1.10) and (1.1.11)
that the entropy of the system, whether in equilibrium or not, is the sum of
the entropies of its subsystems, and by an extension of the succeeding
arguments that a general condition that the system be in equilibrium is that
the temperature be uniform everywhere.

We have also seen that a system or subsystem in equilibrium is not in
any definite state in the quantum mechanical sense. Instead, it is free to be
in any of a very large number of states, and the requirement of equilibrium
is really only that it be equally free to be in any of those states. The system
thus fluctuates about among its various states. It is important to remember
that these fluctuations are not fluctuations out of equilibrium but rather
that the equilibrium is the averaged consequence of these fluctuations.

We now wish to carry out our program, which means that we must learn
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how to count the number of states it is possible for a system to have or,
more precisely, how to avoid having to count that number. This is a formid-
able task, and we shall need some powerful tools. Accordingly, we shall
devote the next section to discussing the quantities that appear in thermo-
dynamics, and the methods of manipulating such quantities.

1.2 THERMODYNAMICS

a. The Laws of Thermodynamics

Thermodynamics is basically a formal system of logic deriving from
a set of four axioms, known as the Laws of Thermodynamics, all four of which
we arrived at, or at least flirted with, in our preliminary discussion of the
previous section. We shall not be concerned here with formalities, but let us,
without rigor and just for the record, indicate the sense of the four laws.
Being a logical system, the four laws are called, naturally, the Zeroth, First,
Second, and Third. From the point of view of thermodynamics, these laws
are not to be arrived at, as we have done, but rather are assumptions to be
justified (and are amply justified) by their empirical success.

The Zeroth Law says that the concept of temperature makes sense. A
single number, a scalar, assigned to each subsystem, suffices to predict
whether the subsystems will be found to be in thermal equilibrium should
they be brought into contact. Equivalently, we can say that if bodies 4 and
B are each separately found to be in thermal equilibrium with body C (body
C, if it is small, may be called a thermometer), then they will be in equilibrium
with each other.

The First Law is the thermodynamic statement of the principle of con-
servation of energy. It is usually stated in such a way as to distinguish
between two kinds of energy—heat and work—the changes of energy in a
system being given by

dE = dQ + dR (1.2.1)

where Q is heat and R is work.

We can easily relate Eq. (1.2.1) to Eq. (1.1.6). Suppose that our box of
perfect gas were actually a cylinder with a movable piston of cross-sectional
area A4 as in Fig. 1.2.1. It requires work to push the piston. If we apply a
force # and displace the piston an amount dx, we are doing an amount of
mechanical work on the gas inside given by

dR = & dx

This can just as well be written in terms of the pressure, P = % /A4, and
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dx = displacement

Fig. 1.2.1
volume, dV = —A dx (the sign tells us that the volume decreases when we
do positive work on the gas),
=
dR = Z (4 dx)
A
= —PdV (1.2.2)

If the process we have described was done in isolation, so that energy
was unable to leak in or out in any other form, Eqgs. (1.2.1) and (1.2.2)

together tell us that
EN —-P (1.2.3)
vV /o

Comparing this result to Egs. (1.1.6) and (1.1.8) of the previous section, we
see that the pressure we are using here, which is just the force per unit area,
is the same as the pressure as defined there, provided that, for our fixed
number of particles, holding Q constant means that .S has been held constant.
We can show that such is the case. As we push the piston in, the quantitative
values of the energies of the single-particle states, given by some relation
like Eqgs. (1.1.1) and (1.1.2), will change because the dimensions of the box
(the value of L in the x direction) are changing. However, the enumeration
of the single-particle states, the number of them and their separate identities,
does not change. Consider a particular state of the system—a particular
distribution of the particles among their various single-particle states, using
up all the available energy-—before the displacement. When the displacement
occurs, each single-particle state shifts its energy a bit, but we can still identify
one single-particle state of the new system with the state it came from in the
old. If we induce the displacement slowly, each particle will stay in the
state it is in, and so the work done just goes into changing the energies of all
the occupied single-particle levels. The same statement is true of each of the
possible states of the system, and so although the energy of the system changes
in the process, the number of possible states, and hence the entropy, does not.

Now let us suppose that (applying the appropriate force) we hold the
piston in a fixed position, so that the volume does not change, and add a bit
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of energy to the gas by other means (we can imagine causing it to absorb
some light from an external source). No work (of the & dx type) has been
done, and, furthermore, the single-particle states are not affected. But the
amount of energy available to be divided among the particles has increased,
the number of ways of dividing it has increased as well, and thus the entropy
has increased. From Egs. (1.2.1) of this section with dR = 0, and (1.1.6)
and (1.1.7) of the previous section, we see that

dE) = dQ = dE)yy = TdS (1.2.4)

for changes that take place in equilibrium, so that (1.1.6) is applicable.
Thus, for a fixed number of particles, we can write the first law for equilibrium
changes in the form

dE = TdS — Pdv (1.2.5)

Although changes in heat are always equal to T dS, there are kinds of
work other than P dV: magnetic work, electric work, and so on. However,
it will be convenient for us to develop the consequences of thermodynamics
for this kind of work—that is, for mechanical work alone—and return to
generalize our results later in this chapter.

According to the celebrated Second Law of thermodynamics, the entropy
of a system out of equilibrium will tend to increase. This statement means
that when a system is not in equilibrium, its number of choices is restricted—
some states not forbidden by the design of the system are nevertheless un-
available due to its past history. As time goes on, more and more of these
states gradually become available, and once a state becomes available to the
random fluctuations of a system, it never again gets cut off; it always remains
a part of the system’s repertory. Systems thus tend to evolve in certain
directions, never returning to earlier conditions. This tendency of events to
progress in an irreversible way was pointed out by an eleventh-century
Persian mathematician, Omar Khayydm (translated by Edward Fitzgerald):

The Moving Finger writes; and, having writ,
Moves on: nor all thy Piety nor Wit

Shall lure it back to cancel half a line,

Nor all thy Tears Wash out a Word of it.

There have been many other statements of the Second Law, all of them less
elegant.

If disequilibrium means that the entropy tends to increase, equilibrium
must correspond to a maximum in the entropy—the point at which it no
longer can increase. We saw this in the example we considered in the previous
section. If the two boxes, initially separate, had been out of equilibrium,
one of them (the hotter one) would have started with more than its fair share
of the energy of the combined system. Owing to this accident of history, the
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number of states available to the combined system would have been smaller
than if the cooler box had a fairer portion of the total energy to share out
among its particles. The imbalance is redressed irreversibly when contact
is made. In principle, a fluctuation could occur in which the initially cooler
box had even less energy than it started with, but such a fluctuation is so
utterly unlikely that there is no need to incorporate the possibility of it into
our description of how things work in the real world. Quite the opposite,
in fact: we have dramatic success in describing the real world if we assume
that such fluctuations are impossible. That is just what the entropy principle
does.

The Third and final Law states that at the absolute zero of temperature,
the entropy of any body is zero. In this form it is often called Nernst’s
theorem. An alternative formulation is that a body cannot be brought to
absolute zero temperature by any series of operations. In this form the law
basically means that all bodies have the same entropy at zero degrees. Ac-
cording to the earlier statement, if a body had no disposable energy, so that
its temperature were zero, it would have only one possible state: I' = 1 and
thus § = k log I' = 0. This amounts to asserting that the quantum ground
state of any system is nondegenerate. Although there are no unambiguous
counterexamples to this assertion in quantum mechanics, there is no formal
proof either. In any case, there may be philosophical differences, but there
are no practical differences between the two ways of stating the law. Among
other things, the Third Law informs us that thermodynamic arguments
should always be restricted to nonzero temperatures.

b. Thermodynamic Quantities
As we see in Eq. (1.2.5), the energy of a system at equilibrium with
a fixed number of particles may be developed in terms of four variables, which
come in pairs, 7 and S, P and V. Pairs that go together to form energy
terms are said to be thermodynamically conjugate to each other. Of the four,
two, S and ¥, depend directly on the size of the system and are said to be
extensive variables. The others, T and P, are quite independent of the size
(if a body of water is said to have a temperature of 300°K, that tells us nothing
about whether it is a teaspoonful or an ocean) and these are called intensive
variables.
We argued in Sec. 1.1 that if we know the energy as a function of S and
V, then we can deduce everything there is to know, thermodynamically
speaking, about the body in question: P = —(0E/dV)s, T = (0E/dS)y, and
T(V, S), together with P(V, §), gives us T(P, V); if we want the entropy,
T(V, S) can be inverted to give S(T, V) and so on. If, on the other hand,
we know the energy as a function, say of T"and ¥, we generally do not have
all the necessary information. There may, for example, be no way to find the
entropy. For this reason, we shall call S and V the proper independent
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variables of the energy: given in terms of these variables the energy tells the
whole story.

Unfortunately, problems seldom arise in such a way as to make it easy
for us to find the functional form, E(S, V). We usually have at hand those
quantities that are easy to measure, 7, P, V, rather than S and E. It will,
therefore, turn out to be convenient to have at our disposal energylike func-
tions whose proper independent variables are more convenient. In fact, there
are four possible sets of two variables each, one being either S or 7 and the
other either P or V, and we shall define energy functions for each possible set.
The special advantages of each one in particular kinds of problems will show
up as we go along.

We define F, the free energy (or Helmholz free energy), by

F=E—-TS (1.2.6)
Together with (1.2.5), this gives
dF = —-SdT — Pdy (1.2.7)
so that S = - (6_F> (1.2.8)
and P=- (a_F> (1.2.9)
A

In other words, F = F(T, V) in terms of its proper variables, and T and V
are obviously a convenient set to use. F also has the nice property that, for
any changes that take place at constant temperature,

8F)p = —P V) = 6R (1.2.10)

so that changes in the free energy are just equal to the work done on the
system. Recall for comparison that

8E)g = —P3V)g = OR (1.2.11)

the work done is equal to the change in energy only if the entropy is held
constant or, as we argued in Sec. 1.2a, if the work is done slowly with the
system isolated. It is usually easier to do work on a system well connected
to a large temperature bath, so that Eq. (1.2.10) applies, than to do work on
a perfectly isolated system, as required by Eq. (1.2.11).

The function F(T, V) is so useful, in fact, that we seem to have gotten
something for almost nothing by means of the simple transformation, Eq.
(1.2.6). However, we have a fairly clear conceptual picture of what is meant
by E(S, V) in terms of the counting of states, whereas the connection between
the enumeration of the states of a system and F(T, V) is much less obvious.
Our job in Sec. 1.3 will be to develop ways of computing F(T, V) from the
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states of a system, so that we can take advantage of this very convenient
function.
The Gibbs potential (or Gibbs free energy), ®, is defined by

d=F+ PV =E-—-TS+ PV (1.2.12)

which, combined with Eq. (1.2.7) or (1.2.5), gives
db = —SdT + vV dP (1.2.13)

It follows that
§= (2 (1.2.14)
T Jp
V = (Q) (1.2.15)
P/

and, consequently, ® = ®(7, P) in terms of its proper variables. ® will be

the most convenient function for problems in which the size of the system is
of no importance. For example, the conditions under which two different
phases of the same material, say liquid and gas, can coexist in equilibrium
will depend not on how much of the material is present but rather on the
intensive variables P and T

A function of the last remaining pair of variables, S and P, may be
constructed by

W=+ TS=E+ PV (1.2.16)
so that dW = T dS + V dP (1.2.17)
7= (W (1.2.18)
S Jp
v = (% (1.2.19)
0P )

W is called the enthalpy or heat function. Its principal utility arises from
the fact that, for a process that takes place at constant pressure,

dW)p = T dS)p = dQ (1.2.20)

which is why it is called the heat function.

A fundamental physical fact underlies all these formal manipulations.
The fact is that for any system of a fixed number of particles, everything is
determined in principle if only we know any two variables that are not
conjugate to each other and also know- that the system is in equilibrium.
In other words, such a system in equilibrium really has only two independent
variables—at a given entropy and pressure, for example, it has no choice
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at all about what volume and temperature to have. So far we have expressed
this fundamental point by defining a series of new energy functions, but the
point can be made without any reference to the energy functions themselves
by considering their cross-derivatives. For example,

-3 () -3(E)-®), v

Suppose that we have our perfect gas in a cylinder and piston, as in Fig.
1.2.1, but we immerse our system in a temperature bath, so that changes take
place at constant 7. If we now change the volume by means of the piston, the
entropy will change owing to the changes in the energies of all the single-
particle states. Since energy is allowed to leak into or out of the temperature
bath at the same time, it would seem difficult to figure out just how much the
entropy changes. Equation (1.2.21) tells us how to find out: we need only
make the relatively simple measurement of the change in pressure when the
temperature is changed at constant volume. It is important to realize that
this result is true not only for the perfect gas but also for any system whatso-
ever; it is perfectly general. Conversely, the fact that this relation holds for
some given system tells us nothing at all about the inner workings of that
system.

Three more relations analogous to (1.2.21) are easily generated by taking
cross-derivatives of the other energy functions. They are

(‘LT) - _<Q’> (1.2.22)
v s 35 )y
(ﬂ>=@q (1.2.23)
as )»  \oP)s
(ﬁ) - _<ﬂ> (1.2.24)
P)x aT ),

Together these four equations are called the Maxwell relations.

A mnemonic device for the definitions and equations we have treated
thus far is given in Appendix A of this chapter.

The machinery developed on these last few pages prepares us to deal
with systems of fixed numbers of particles, upon which work may be done
only by changing the volume—more precisely, for systems whose energy is a
function of entropy and volume only. Let us now see how to generalize this
picture.

If the number of particles of the system is free to vary, then, in addition
to work and heat, the energy will depend on that number as well. We have
already seen, in Egs. (1.1.6) and (1.1.9), that in this case,

dE = TdS — Pdv + pdN (1.2.25)
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u is the chemical potential, which we may take to be defined by Eq. (1.2.25),

so that
0E
=[— 1.2.26)
# (aN>s,V (

If we now retain all the transformations among the energy functions as we
have defined them, then

dF = d(E — TS) = —SdT — PdVv + pdN (1.2.27)
Similarly, db = —SdT + VdP + udN (1.2.28)
dW =TdS + VdP + udN (1.2.29)

oF od ow
Thus, = | — = [ — = — 1.2.30
u # <6N>T,V (aN>P,T (aN)P,s (1.230)

In other words, the effect of adding particles is to change any one of the energy
functions by g dN if the particles were added holding its own proper in-
dependent variables fixed:

U oN = (5E)S,V = (5F)T,V = (54))1',? = (5W)S,P (1.2.31)

Notice that the first member of Eq. (1.2.31) is not necessarily relevant. If
we manage to change the energy at constant S and V (so that E depends on
something besides S and V') and we retain the transformations, Eqs. (1.2.6),
(1.2.12), and (1.2.16), then the other functions will change according to

OE)sy = (6F)r,y = (6®)rp = (6W)s,p (1.2.32)

We shall make use of this result later on (to have an application to think
about now, you might consider changing the masses of the particles of a
perfect gas; see Prob. 1.2).

The introduction of u and changes in N thus serve as an example of how
to generalize to cases where the energy can depend on something besides
S and V, but we wish to retain the transformations between E, F, ®, and W.
However, the chemical potential is a particularly important function in
thermodynamics, and its properties deserve further elaboration.

Like P and T, u is an intensive variable, independent of the size of
the system (this point can be seen from the result of Prob. 1.1a, where we see
that two subsystems in equilibrium must have the same u regardless of their
sizes), and it is conjugate to an extensive variable, N. Suppose that we think
of Eq. (1.2.25) as applying to a piece of matter, and we rewrite it to apply
to another piece that differs from the first only in that it is A times bigger. It
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could have been made by putting together A of thc small pieces. Then all
the extensive quantities, E, S, V, and N, will simply be 4 times bigger:

d(AE) = Td(iS) — Pd(iV) + p d(AN)
or

LAdE + Ed) = }(TdS — PdV + pdN) + (IS — PV + uN)dr (1.2.33)
Since /4 is arbitrary, it follows that

E=1TS — PV + uN (1.2.39)
If we differentiate this result and subtract Eq. (1.2.25), we get

S 14
dy = —=—dT + —dP 1.2.35
u N N ( )

so that g, like @, is a proper function of T and P. In fact, comparing Eq.
(1.2.34) to (1.2.12) (which, remember, is still valid), we have

&P, T) = uN (1.2.36)

As we have seen, the general conditions for a system to be in equilibrium
will be that T, P, and u be uniform everywhere.

Equation (1.2.31) tells us that u is the change in each of the energy
functions when one particle is added in equilibrium. That observation might
make it seem plausible that u would be a positive quantity, but it turns out
instead that u is often negative. Why this is so can be seen by studying Eq.
(1.2.26). To find pu, we ask: How much energy must we add to a system if
we are to acdd one particle while keeping the entropy and volume constant?
Suppose that we add a particle with no energy to the system, holding the
volume fixed, and wait for it to come to €quilibrium. The system now has
the same energy it had before, but one extra particle, giving it more ways
in which to divide that energy. The entropy has thus increased. In order
to bring the entropy back to its previous value, we must exiract energy.
The chemical potential—that is, the change in energy at constant S and V—
is therefore negative. This argument breaks down if it is impossible to add a
particle at zero energy, owing to interactions between the particles; the
chemical potential will be positive when the average interaction is sufficiently
repulsive, and energy is required to add a particle. It will be negative, for
example, for low-density gases and for any solid or liquid in equilibrium
with (at the same chemical potential as) its own low density vapor.

Now that we have a new set of conjugate variables, it is possible to
define new transformations to new energy functions. For example, the
quantity £ — uN would be a proper function of the variables S, ¥, and p,
and W — uN of S, P, and u. We do not get a new function from & — uN,
which is just equal to zero: P, T, and u are not independent variables. Of
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the possible definitions, one will turn out to be most useful. We define the
Landau potential, Q,
Q=F—uN (1.2.37)
so that
dQ = —SdT — PdV — N du (1.2.38)

that is, the proper variables of Q are T, V, and u. Notice that it follows from
Egs. (1.2.37) and (1.2.34) that
Q= —PV (1.2.39)

Furthermore, since we have not altered the relations between the other energy
functions in defining Q, arguments just like those leading to Eq. (1.2.32) will
yield

(59)1',;/,,4 = (5E)S,V,N = (5F)T,V,N = (5®)T,P,N = (5W)S,P,N (1-7—-40)

¢. Magnetic Variables in Thermodynamics
The total energy content of a magnetic field is
1

=— | B2ady (1.2.41)

E =
8r

m

where B is the fundamental magnetic field, produced by all currents, and the
integral extends over all space. In order to introduce magnetic work into
our equilibrium thermodynamic functions, we need to know how much
work is done on a sample when magnetic fields change—that is, the magnetic
analog of (— P dV). Equation (1.2.41) fails to tell us this for two reasons.
First, it does not sort out contributions from the sample and from external
sources; B is the total field. Second, there is no way to tell from Eq. (1.2.41)
how much work was done in producing B; the work may have been much
more than E, with the excess dissipated in heat. Only if all changes took
place in equilibrium will E,, be equal to the work done in creating the field.
In other words, E, is the minimum work (by sample and external sources
together) needed to produce the distribution of fields in space.

Even assuming that all changes take place in equilibrium, we must have
a way of distinguishing work done on the sample from other contributions—
that is, work done on an external source during the same changes. To do so,
we decompose B into two contributions

B = H + 4nM (1.2.42)

where H is the field due to currents running in external sources and M is the
response of the sample, called the magnetization.

To keep things simple, let us set up a definite geometry, which we shall
always try to return to when analyzing magnetic problems. We shall imagine
H to be a uniform field arising from current in a long solenoid and our
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sample to be a long cylinder along the axis of the solenoid, as sketched in
Fig. 1.2.2. There is no magnetic field outside the solenoid (we can, if neces-
sary, imagine it closed upon itself in a torus), so that all contributions to
Eq. (1.2.41) come from inside the windings. We shall call the total volume
inside V,. In ¥, the H field is given by

_ A NoJ
¢ L

H (1.2.43)

where ¢ is the speed of light, No/L the number of turns per unit length of the
solenoid, and I the current in the coil. H is always parallel to the axis, and
so we need not write it as a vector.

>
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The magnetization of the sample does not produce any fields outside
the sample (just as current in the solenoid does not produce any field outside
the solenoid). Furthermore, H is the same inside the sample and out regard-
less of M; it depends only on I through Eq. (1.2.43). All of this gives us a
reasonably clean division of the fields. For example, if the sample is a super-
conducting material under certain circumstanccs, it will turn out that currents
will flow in the surface of the sample that exactly cancel any applied field. An
observer inside such a superconductor never detects any magnetic field at all.
Then the situation is this: H is uniform everywhere inside the solenoid,
sample included. Between the windings and the sample, M = 0, B = H.
Inside the sample, M = —(1/4n)H, and B = 0. The total magnetic energy
in this situation is given by

E, = SL H*V, — V)  (superconductor) (1.2.44)
n

where V, is the volume of the superconducting sample. Our problem in this
case is, assuming the sample stayed in equilibrium as the field was applied,
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so that E,, is the work done, how much of this work was done by (or on)
the current source in Fig. 1.2.2, and how much on (or by) the sample?

In Sec. 1.2a we found how much work was done if a thermally isolated
sample changed its volume under a constant applied force. The analogy here
is to see how much work is done if a thermally isolated sample changes its
magnetic state under a constant applied H field. Suppose that with constant
current, I, in the solenoid, there is a small uniform change, dM, in the
magnetization of the sample. The result is a change in the flux, ¢,, linked
by the solenoid, inducing a voltage V, across it. Power, IV, is extracted
from the current source or injected into it. If Ry is the work done on the
current source,

SRy = JIVO dt = IJ Vo dt (1.2.45)

since I is constant. The voltage is given by Faraday’s law of electromagnetic
induction:

1(7(00
V, = —~ 29 1.2.46
o pare ( )
Then
SRy = _!J%dt
c ot
- _{qu,o = —Lop, (1.2.47)
c c

The sign convention is: if flux is expelled, work is done on the source; that
is, if d¢o is negative, R, is positive. The flux is given by

Po = NoJ‘BdA (1.2.48)

where the integral is taken over a cross-sectional area of the solenoid. The
change in M produces a change in B only inside the sample, so that

o = NoA(SB), = 4nNyA, M (1.2.49)
where A is the cross-sectional area of the sample. Then
SRy = — ATINoA; 50 s (1.2.50)
c
Substituting 4nNol/c = HL from Eq. (1.2.43) gives
SRy = —H(LA,) éM (1.2.51)

But LA, is just V,, the volume of the sample, so
6Ry = —V.H M (1.2.52)
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Magnetization in the same direction as } extracts work from the source,
lowering Ry; M opposing H (as in the superconductor) does work on the
source, increasing R,

Now, since the sample is isolated thermally, the only kind of energy ever
exchanged is work, and conservation of energy then requires

S8R + S8Ry = 0 in equilibrium (1.2.53)
where SR is the work done on the sample. Equations (1.2.52) and (1.2.53)
then give

SR = V,H M (1.2.54)

If the volume V, had changed at constant M, that, too, would have changed
the linked flux, thereby doing work on the source. It is casy to see that a
more general way of writing the work is

0R=HJ f Mav (1.2.55)
and the First Law of Thermodynamics may be written

dE = T dS + de Mdv (1.2.56)

For the simplest case, a uniformly magnetized sample,
dE = TdS + HdMy (1.2.57)
E = E(S, MV) (1.2.58)

With this as a starting point, £ as a unique function of S, and MV in equilib-
rium, we can define magnetic analogs of all the energy functions; we write
the following:

F=E—-TS (1.2.59)

50 dF = —SdT + HdMV (1.2.60)

In this way F retains its central property: for changes at constant T, F is
the work done. Its proper variables are

F = F(T, MV) (1.2.61)
We now redefine @:
® = F ~ HMV (1.2.62)
b = —SdT — MV dH (1.2.63)
o = W(T, H) (1.2.64)
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The volume integrals may easily be replaced in transforms like Eq. (1.2.62)
and, of course, in

W=®+TS=E— HMV (1.2.65)
dW = T dS — MV dH (1.2.66)
W = W(S, H) (1.2.67)

In all of this, H behaves the way that the pressure did before; both may usually
be thought of as uniform external ‘“forces” to which the system must respond;
its response is to change either its volume or its magnetization. There is a
difference in sign due to a geometrical accident: the work done on a body is
proportional to —dV (you squeeze it to do work on it) but to +dMV. The
reader can easily write down the Maxwell relations and revise the mnemonic
(Appendix A) for this kind of work.

d. Variational Principles in Thermodynamics

Fundamentally there is only one variational principle in thermo-
dynamics. According to the Second Law, an isolated body in equilibrium
has the maximum entropy that physical circumstances will allow. However,
given in this form, it is often inconvenient to use. We can find the equilib-
rium conditions for an isolated body by maximizing its entropy, but often
we are more interested in knowing the equilibrium condition of a body
immersed in a temperature bath. What do we do then? We can answer the
question by taking the body we are interested in, together with the temper-
ature bath and an external work source, to be a closed system. The external
source does work to change the macroscopic state of the body. If more work
is done than necessary—that is, if the body is out of equilibrium—the excess
work can be dumped into the temperature bath as heat, thus increasing its
entropy. We ensure that this step happens by requiring that the entropy
of the combined system increase as much as it can. What is lefi over tells
us the equilibrium conditions on the body itself.

Let us make the argument in detail for magnetic variables, using the
formalism and geometry we have already set up (the analogous argument for
P-V variables is found in Landau and Lifshitz, Statistical Physics, pp. 57-59;
see bibliography at end of chapter). We now imagine that the region between
the solenoid and the sample is filled with some nonmagnetic material (M = 0
always), which, however, is capable of absorbing heat and is large enough to
do so at constant temperature. This is the temperature bath; we shall also
refer to it as the medium. It is always to be thought of as being in internal
equilibrium. That means that its energy £’ and its entropy S’ are connected by

dE' = T dS’ (1.2.68)

There are no other contributions, since no magnetic work can be done on it.
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We imagine the work source to be thermally isolated from the sample and
medium, so that no heat can get in or out of it, and its changes in energy are
simply dR,. By the arguments that led to Eq. (1.2.52),

SRy + HOMV,) =0 (1.2.69)

if M is uniform in V,. Equation (1.2.69) does not imply that the sample is in
equilibrium, for it can still exchange heat with the medium. The combined
system—sample, medium, and work source—is isolated, and thus its total
energy is conserved:

SE+E 4+ Rp)=0 (1.2.70)

where E is the energy of the sample. Notice that E cannot be written as a
function of S, the entropy of the sample, and M, since it is a unique function
of those variables only in equilibrium. However, even with the sample not in
equilibrium, we can put Egs. (1.2.68) and (1.2.69) into (1.2.70) to get

SE + T3S — HO(MV,) =0 (1.2.71)

We now apply the entropy principle to the system as a whole: in whatever
changes take place,

88 + 85 >0 (1.2.72)
Substituting into (1.2.71) and rearranging, we obtain
0E < T6S + H (MY (1.2.73)

If the sample is in equilibrium, the equality holds and (1.2.73) reduces to
(1.2.57). What we have accomplished in (1.2.73) is an expression, in the form
of an inequality, for changes in the sample variables, valid even when the
sample is out of equilibrium and connected to a bath.

Suppose that changes take place at fixed T and fixed MV,. The constant
T may be taken inside the é sign, and §(MV,) = 0. We have then

S(E—TS)<0  (const. T, MV,) (1.2.74)

E — TS is the free energy. As random fluctuations occur, F will decrease or
remain constant with time,

oF <0 (1.2.75)
ot
When F reaches the lowest value it can possibly have, no further changes in
it can take place; under the given conditions, equilibrium has been reached.
The equilibrium condition is
F = minimum

The constraint we have applied—that MV, be constant—really means, through
Eq. (1.2.69), that R, is constant; we are considering changes in which the
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sample does no external work. The fact that we considered magnetic work
here is clearly irrelevant; we could have written R everywhere for H MV,
The general principle (including —P 8V and other kinds of work) is as
follows: With respect to variations at constant temperature, and which do
no work, a body is in equilibrium when its free energy, F = E — TS, is a
minimum.

We can, if we wish, keep H constant and allow MV, to change. The
constant H then comes into the § sign, and the quantity to be minimized is

E—-TS— HMV,=® (T, H constant) (1.2.76)

The analogous result for P-V work is, when 7 and P are held constant, to
minimize
E—-TS+PVr=29o (1.2.77)

Notice that the transformation from F to ® simply subtracts the work done
on the external source, S(HMV,). If no work is done, we minimize F; if work
is done, we subtract it off and minimize what is left; it amounts to the same
thing.

Without further ado, we can write the thermodynamic variational prin-
ciple in a very general way: for changes that take place in any body,

5EsTéS+H5jMdV—P5V+u5N+"' (1.2.78)

where we have left room at the end for any other work terms that may be
involved in a given problem. In Eq. (1.2.78) the intensive variables, T, P, I,
and yu, are those of the medium, while the extensive variables, E, V, [ M dV,
and N, are those of the subsystem of interest. The appropriate variational
principle for any situation can easily be generated by applying the kind of
arguments we have just given to Eq. (1.2.78). For example, in a nonmagnetic
problem (H = M = 0), if V is fixed but N varies at constant T and p,

Q = F — uN = minimum

e. Examples of the Use of Variational Principles

We can now apply our variational principles to a few examples to
see how they work (needless to say, these are not just examples; the results
we get will be useful later on).

First, consider the magnetic behavior of a perfect conductor. A perfect
conductor is a metal whose electrical resistance is zero. If a magnetic field
is applied to it, currents are induced that, by Lenz’s law, oppose the applied
field and prevent it from penetrating. Since there is no resistance, these
currents persist, and we always have, inside, B = 0, or M = —(l/4n)H,
just as in a superconductor. However, unlike the superconductor, M =
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—(1/4n)H is, in this case, a dynamical result, not necessarily the thermo-
dynamic equilibrium state. In order to apply thermodynamics, we ' must
make an assumption very similar to the one that was needed to apply thermo-
dynamics to the perfect gas: even though there is no resistance, we assume
that the current, and hence the magnetization, of the sample fluctuates
about, seeking its most favorable level.

Ata given Tand H we seek the equilibrium magnetization, which we may
as well take to be uniform over the fixed volume ¥ of the sample. From Eq.
(1.2.78) the quantity to be minimized is

O =F~TS — HMV, (1.2.79)
or, in other words,
(‘l‘)> =0 (1.2.80)
aM T,

In equilibrium, ® does not depend on M, only on T and H. To solve the prob-
lem, we must construct the quantity ® = F — TS — HMYV, when the
body is not restricted to equilibrium and then use Eq. (1.2.80) to find the
equilibrium dependence of M on T and H. To do so, we take the energy
of the sample to be

£ =FE, + E, (1.2.81)
where E, is whatever internal energy the sample has that is not associated
with magnetic fields:

dE, = TdS — Pdv + --- (1.2.82)
Since it is irrelevant to our problem, we have taken the nonmagnetic part
of the sample to be in equilibrium. Putting Eqs. (1.2.81) and (1.2.82) into
(1.2.79), we find
d=£Ey,—- TS+ E, — HMV, (1.2.83)
There is no heat associated with E,,, Eq. (1.2.41), so the sample entropy, S, is
all in £,. From Egs. (1.2.41) and (1.2.42),

E, = Y2 (H + 4nM)?
8r

HZ
=V, (8_ + HM + 27:M2> (1.2.84)
T

H?
Then b =E,— TS + VS(8—+27tM2>
A

HZ
=Fy + V, (8— + 27:M2> (1.2.85)
e
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Since we are only considering magnetic work, Fg, the nonmagnetic part of the
free energy depends only on 7. Therefore,

aM H,T

M=0 (1.2.86)

(Notice that 62®/8M? = 4nV, > 0, so this is really a minimum.) The result
is that, at equilibrium, there is no magnetization. B = H inside; the applied
field penetrates completely. No shielding currents flow in equilibrium.

We could have seen by means of a diffefent kind of argument that M = 0
is necessarily the right result. We know that in a real conductor, with elec-
trical resistance, eddy currents produced by applying a magnetic field quickly
die out, dissipated by the resistance, and the field penetrates unopposed. A
dissipative effect, such as electrical resistance, turns work into heat (called
Joule heating in this case), which is just what is needed to drive a system
toward thermodynamic equilibrium, but it plays no role in the equilibrium
state. Since they differ only in the mechanism for changing states, there can
be no difference between the equilibrium of a perfect conductor and a real
conductor. For a similar reason, the equilibrium of a real gas and a perfect
gas will be the same, provided that the real gas interactions have little effect
on the possible energy levels of each particle.

As we have already said, the equilibrium magnetization of a super-
conductor is

1

M= —-—H (1.2.87)
4r

which we now know to be an unfavorable state of affairs; certainly, as we
have just seen, if Eq. (1.2.87) holds in equilibrium, it is not a consequence of
the fact that superconductors have no electrical resistance. As our second
example of an application of the variational principles, let us examine this
situation. If you do not yet know what a superconductor is, relax. Part of the
beauty of thermodynamics is that you do not have to know much about what
is going on inside.

Equation (1.2.87) is the equation of state of what we shall later call a
type 1 superconductor. For internal reasons of its own (which we shall
investigate much later), it chooses to go into this unfavorable magnetic
condition, in which surface currents maintain B = 0 inside. The larger the
applied H field, the more unfavorable the situation becomes until, at some
value of H, the effort is no longer worth it and the material ceases to be super-
conducting, turns normal, and lets the field in. The applied field at which this
situation occurs, H,, is a definite function of temperature, H, = H,(T), and
is shown in Fig. 1.2.3. The process that occurs at H(T) is a phase transition.
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He (T)

Super Normal

Fig. 1.2.3

At H = H/(T), the superconducting phase, whose equation of state is
Eq. (1.2.87), and the normal phase, whose equation of state is M = 0, can
coexist in equilibrium.

Suppose that we think of our sample as a piece of superconducting
material (type I) held at constant 7 and constant H = H/(T). The two
phases can coexist, but, in equilibrium, how much of each is present? Can
we apply our variational principle to find out?

Since T and H are held fixed, it is once again ® we wish to minimize.
In particular,

od
av,

sC

=0 (1.2.88)

where V. is the volume of the superconducting part of the material, and the
variations are subject to

dVy + dV, = dv, =0 (1.2.89)

where V, is the normal portion’s volume. We can construct a generalized
® of the sample that depends on ¥, using the magnetic energy, E,,, and then
put in the equations of state of the two parts. Proceeding as before, we have

®=Fy+ L dV(H + 4nM)? — JHM v (1.2.90)

T sample

However, we cannot assume that F, is the same per unit volume of super-
conductor and normal conductor; after all, we know that something special
is going on inside the superconductor. Let us write the nonmagnetic parts
of the free energy densities of the phases as f; .. and f; ,. Then

D = foscVee + SfouVu + gl— J dV(H + 4nM)? — J HM dv
T

2
= foscVie + fouVi + ;’— V, + 22M?V,, (1.291)
T
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In the last step we used the fact that M = 0 in the volume V,. We now take
(0®/0V, )y 1, remembering that V,/dV,, = —1, oV/aV,. = 0, and f; ., and
Jo.» depend only on T,

;3’ = fose — fom + 22M? =0 (1.2.92)

Since M = —(1/4n)H,, we have

HZ
Jose = Joum — == (1.2.93)
87

Curiously enough, we did not find out how big V,. is—that remains un-
determined. But we have found out that the nonmagnetic (or zero field)
part of the free energy density of a superconductor is lower than that of a
normal conductor, which is why materials like to be superconductors, and
the difference is related to H, at the same temperature. We know nothing
(yet) about the nature of the difference between the superconducting and
normal states, but we do know how to measure the difference in free energy
between the two.

f. Thermodynamic Derivatives

1t is convenient to give names to certain derivatives of the thermo-
dynamic quantities. The temperature, pressure, and volume are relatively
easy quantities to measure directly. The entropy is much more difficult and
cannot, in general, be measured directly. However, changes in the entropy
may be measured by putting heat in under specified conditions. In doing so,
we are said to be measuring the heat capacity. The two most commonly en-
countered heat capacities are those at constant volume and at constant
pressure, defined, respectively, by

S
Cy=T[— 1.2.94
v (6T>y ( )
oS
d Cp=T[— 1.2.95
an P (6T>P ( )

Since many microscopic theories of matter are designed to allow us to count
states and thus arrive at the entropy, as outlined in Sec. 1.1, we often find
that the resulting prediction to be compared to experiment will be the heat
capacity. From the definitions, we may see that

OE
Cy = (6_T>V (1.2.96)
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That is, it is the total change in energy if no work is done. It is also given by

O*F
Cy=-T 1.2.97
, (W)y (1297
and Cp is given by
R )
Cp= —T|[|—- 1.2.98
P (6T2>P ( )

We have previously considered only the cross second derivatives of the
energy functions, which we did when deriving the Maxwell relations. Aside
from the heat capacities, there are two other direct second derivatives; let
us define the isothermal compressibility,

Ky = - (& (1.2.99)
V\oP /),
and the adiabatic compressibility,
1 [oV
Kg= ——[— 1.2.100
=t (aP>s (1.2.100)
The first is given by
1 /3%
Ky = ——[-—— 1.2.101
. V(6P2>T (1.2.101)
and the second by
aZE -1
Ki=|Vv[= 1.2.102
* [ (9V2>s:| ( )

Of course, there are a number of other ways of constructing these quantities
from second derivatives of the energy functions.

There are definite relations between these quantities. For example, since
a body’s thermodynamic variables are fixed if P and T are fixed (for a given N),
we can write S as a functionof Pand T: S = S(P, T, or

as = (5Y ap 4+ (95N ar (1.2.103)
oP/r 0T Jp
T oT )y P \0T )y T

The quantity (0S/0P)y is inaccessible to measurement, so we eliminate it by
means of the Maxwell relation, Eq. (1.2.24),

oS\ _ _ (%
6P ), oT /5
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Ce—-Cv = v op (1.2.105)
T 0T Jp \O0T /v

We can put the difference between Cp and Cy, in terms of K; by use of the

chain rule,
O_V O_T Q = —1 (1.2.106)
0T Jp \OP ), \0V )t

This gives us a choice of two relations; eliminating (0¥ /dT)p or (0P/0T)y,

we get
P 14 3T kil

2
or Cp - Cyp = —— (& (1.2.108)
VK. |\8T /e

For magnetic systems, where P and V are replaced by H and M, we have
by obvious analogy the quantities Cy, Cy, and the isothermal and adiabatic

This gives

susceptibilities,
oM
X, = (¢ 1.2.109
) (ay), (1.2.109)
xg = (M (1.2.110)
0H /s

You can easily show, by reapplying the same arguments with these variables,

that
TV /oM T
Cy — Cy = = | (X 12.111
4 — Cu Xr[(ar),,] (12.111)

The heat capacities, compressibilities, and susceptibilities are all deriv-
atives of the thermodynamic quantities with respect to their own conjugate
variables and are sometimes collectively called response functions. The heat
capacities and compressibilities are always positive. We can see this by
applying our extremum principle, Eq. (1.2.78). Consider, for example, a
nonmagnetic system of fixed N, and take T and V to be constant, so that the
equilibrium condition is F# = minimum. We imagine that the system is all
made of the same stuff, but let it be divided into two parts by a movable
partition, as in Fig. 1.2.4. The partition is free to find its own equilibrium
position, which it does by minimizing F with respect to its position, x.
However, since dx oc dV,, we may as well minimize F with respect to ¥,
subject to the condition

AV, + dv, =dvV =0 (1.2.112)
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%

v v Heat bath
! 2 at constant T
7 *
7,
Movable partition
Fig. 1.2.4
We have
OF L 0 g, v Fy=2F1 0 _0Fy _OF:_ 4 (15113
av, v, avy avy  av, v,
Since these derivatives are taken at constant T and (0F/8V )y = — P, we

have just found out that P, = P,, a result promised in Sec. 1.1. However,
we know something else: F is not only stationary under variations in ¥V,
[used in Eq. (1.2.113)], but it is also a minimum. Its second derivative must
be positive:

2
PE_ 0 p _pyo 0P 0Py
% vy v, oV,
In other words,
1 1
—_—t ——— >0 (1.2.114)
VIKTl VZKTZ

But ¥; and ¥, contain the same substance at the same pressure and temper-
ature. It follows that K7, = Kz, so that

Ky =0 (1.2.115)

This result is perfectly general: we never did mention what was in the box.

We can show that C;, = 0 by a closely analogous argument. Consider an
isolated system, so that £ and V (instead of T and V) are constant. Then S
will be a maximum. Divide it into two parts so that E;, + E, = E = con-
stant. Maximize S with respect to E| :

9 0 9 _ 1 1 _ (1.2.116)

Notice that we used quite precisely the same argument with slightly different
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words in Sec. 1.1. Now get the second derivative, which must, in this case,

be negative.
IS _ 0 (L) + 2 (i)
0E} OE;\T\)y OE,\T /v

<0 (1.2.117)

Cyp >0 (1.2.118)

The case for Cp can be made by an additional argument of the same type,
but it is easier to notice that since the right-hand side of Eq. (1.2.108) cannot
be negative,

Cp = Cy (1.2.119)

It follows that Cp is positive.

We cannot make the same kind of argument for the magnetic suscep-
tibilities, because we cannot apply to the magnetization a condition analogous
to Eq. (1.2.112). In fact, there are indeed cases of materials with both negative
and positive susceptibilities.

Finally, we should note that the two conditions we have just derived,
Kr = 0 and Cy > 0, are both eminently reasonable—in fact, really quite
obvious on intuitive physical grounds. First take Ky > 0, which means

9PN 0 (1.2.120)
oV )z

Imagine a substance in a cylinder and piston with dP/3V > O instead. In-
creasing the volume by pulling the piston out causes the pressure to increase,
which pushes the piston out farther, causing additional increase in the pres-
sure, and so on. Such a system would be explosively unstable, a condition
incompatible with thermodynamic equilibrium. The other condition, C;, > 0,

is simply that
EN o (1.2.121)
aT ),

It merely says, in other words, that warming a body always requires increas-
ing its energy.
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g. Some Applications to Matter

Up to now the perfect gas and perfect conductor have been our
principal examples of the workings of thermodynamics. Let us begin here to
discuss some general ideas about real matter in thermodynamic terms.

Figure 1.2.5 is a schematic pressure-temperature phase diagram of a

typical simple substance. The fact that there can be only two independent
variables for any system in equilibrium makes it possible to draw such a
diagram.

P
Critical point
Liquid
Solid
Triple point
Gas
7
Fig. 1.2.5

In the general region of high pressures and low temperatures, the sub-
stance is a solid; at higher temperatures and lower pressures it is a gas, and
there is a liquid region at intermediate values of P and T. The lines that
separate these phases are called coexistence curves. In particular, that
between the liquid and gas is the vapor pressure curve, between the solid and
gas the sublimation curve, and between the solid and liquid the melting curve.
On these coexistence curves, the phases can exist in equilibrium -with each
other, but for any value of P and T that does not fall on one of these curves,
the substance, if it is in equilibrium, must be in a single, specific, homo-
geneous phase. Given a fixed number of particles (say, one mole) it is not
necessary for us to specify the volume (or, equivalently, the density) in order
to determine what phase the substance will be in; it is quite enough to specify
P and T. Furthermore, if we know that two phases are coexisting in equilib-
rium, then either P or T suffices; at any pressure, the temperature is deter-
mined and vice versa. We say, for example, that the vapor pressure is a
function of temperature only. That is why it may be represented as a single
curve in a P-T plane. Usually, but not always, the coexistence curves have
positive slope in the P-T plane. We shall see the thermodynamic significance
of this point later on. If we cross a coexistence curve from one region to
another, the substance is said to undergo a phase transition.

Two points on the plot are of special interest: the triple point and the
critical point. At the triple point, the intersection of the coexistence curves,
the three phases may all exist in mutual equilibrium, There is only one
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pressure and one temperature at which this situation can occur. The critical
point is the endpoint of the vapor pressure curve, and it also occurs at a
particular pressure P, and at a particular temperature 7,. At any temper-
ature higher than 7,, or any pressure higher than P,, there is no distinction
between liquid and gas; there is only a homogeneous fluid phase and (usually
at very much higher pressure) a solid phase. The existence of a critical point,
in fact, means that there is no way, in principle, to distinguish unambiguously
between a gas and a liquid unless they happen to be coexisting in equilibrium.
If they are coexisting, there will be a clear interface between regions of different
but uniform density. But a homogeneous liquid can always be transformed
into a homogeneous gas without passing through a phase transition, by
following a path around the critical point. There is no known example of a
critical point on a melting curve, so that, as far as we know, it is always
possible to distinguish between the fluid phases on the one hand and the
solid on the other. Apparently the kind of long-range order that character-
izes the solid state is like pregnancy: either you have it or you do not; you
cannot have a little bit of it or arrive at it gradually. The properties of
matter at the gas-liquid critical point and other similar phenomena will be
discussed at length in Chap. 6.

The same phases are shown in different perspective in the P-V diagram,
Fig. 1.2.6. Here we find the solid at high pressures and low volumes (recall

Fig. 1.2.6

that the number of particles is fixed), the gas at low pressure and large
volume, and, again, the liquid in between. In the cross-hatched regions,
more than one phase can coexist. The kind of path followed if we change V
at constant temperature is shown by the dashed curves, for two temperatures
T, and T,, also indicated on the P-T diagram in the inset. Curves of constant
temperature are called isotherms. The isotherm at T, which is below T,
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passes through all three phases. It must cross the coexistence curve at a
fixed pressure, which means in the P-V plot that ¥ changes from its value
in one phase to its value in the other at constant pressure; that is, the isotherm
becomes horizontal. No horizontal portion is shown on the supercritical
isotherm, at T, > T, although it presumably has one where it crosses the
melting curve at much higher pressure.

The triple point of the P-T diagram corresponds, on the P-V diagram,
to the single horizontal isotherm that touches all three phases. The critical
point, however, is a point on this diagram as well, occurring at the maximum
of the gas-liquid coexistence curve. There is thus a critical volume, V,, as well
as a critical temperature and pressure. At the critical point, the volumes of a
specific amount of liquid and gas become equal to each other (or, more
simply stated, the liquid and gas densities become equal). At the triple point,
these volumes (or densities) may differ widely. The specific volumes of co-
existing liquids and solids never become equal to each other, but they never
differ by large factors either.

As mentioned above, coexistence curves in the P-T plane are occasionally
found to have negative slopes, even in very common materials. For example,
the melting curve of water slopes backward, as sketched in Fig. 1.2.7. A

P

Vapor

Fig. 1.2.7

coexistence curve with a negative slope is always associated with some sort
of anomalous—that is, unusual—behavior in at least one of the phases. In
the case of water, it happens because the liquid is denser than the solid in
equilibrium, although the opposite is true for most substances. We shall
return later to the thermodynamic connection between the densities and the
melting curve.

There is one simple substance, helium, whose phase diagram is strikingly
different from that of anything else (Fig. 1.2.8). Helium never freezes under
its own vapor pressure; it is unique among all substances in that respect.
The phases marked He II and He I that separate the solid from the gas are
two different kinds of liquid, these, in turn, being separated by a further phase
transition (notice there are two triple points on the diagram). The phase
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Fig. 1.2.8

diagram would be almost normal topologically if He II were a solid, but
it is not. It is a very special liquid, called the superfluid, to which we shall
return in Chap. 5. The melting curve starts out with zero slope at zero temper-
ature, turns down, and goes through a minimum before finally turning up
as shown. Liquid He I and the gas share a more or less normal critical
point. Like the liquid and gas at the critical point, the specific volumes of
liquid He I and II are equal to each other at the phase transition separating
them.

Some progress in understanding these diagrams can be made by using
the thermodynamic machinery we have developed. Suppose that we have a
sealed container in which two phases, say liquid and gas, of the same material
are coexisting, as in Fig. 1.2.9. Gravity has a weak influence on this problem,

i
7
/4 Phase 2
Heat bath
at constant T
Phase 1
7
Fig. 1.2.9

which we shall neglect except insofar as it makes the denser of the two phases
sink to the bottom of the container. We can think of this as a system at fixed
T, divided into two subsystems, phase 1 and phase 2, which share the same
total volume and can exchange particles. We have already worked out the
conditions for equilibrium for this situation: for example, it differs from the
situation in Fig. 1.2.4 only in that the movable partition is the interface
between the two phases, so we know immediately that the temperatures and
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pressures of the two phases must be equal. There is an additional condition,
since particles can be exchanged; we obtained it in Prob. 1.1a but let us do
it now by our variational principle. For the two-phase system, Eq. (1.2.78)
tells us that

SF=0

will be the equilibrium condition. The total number of particles, N, + N,,
is fixed, but N{ (or N,) can vary:

oF d
= (F, + F,) =~ 2= — 1.2.122
N, aN, (Fy 2) AN, aN, Ky ur ( )

0=

The third condition is, as anticipated in Sec. 1.1, that the chemical potentials
be equal.

It is clear from Eq. (1.2.35) or (1.2.36) that ¢ = u(P, T) quite generally.
We may rewrite Eq. (1.2.122) as

u (P, T) = p(P, T) (1.2.123)

This is a relationship between the temperatures and pressures at which co-
existence can occur: one equation in two unknowns, which may be solved,
say, for the pressure as a function of temperature, Po(T). Equation (1.2.123)
is, in other words, the equation of one of the curves in Fig. 1.2.5. If we seek
the conditions for three phases in simultaneous equilibrium, the pressures and
temperatures must, as usual, be the same in all phases, and

ui(P, T) = py(P, T) = py(P, T) (1.2.124)

two equations in two unknowns that may be solved for P, T3, the unique
pressure and temperature of the triple point.

Chapters 2, 3, and 4 will concern themselves, respectively, with the gas,
solid, and liquid phases of matter. A suitable program for us would be to
work out from microscopic theory the general relation u(P, T) for each of
the phases in its own chapter and then at the end set them equal pair by pair
and produce Fig. 1.2.5. Unfortunately, we cannot at present (nor perhaps
ever) succeed in such a program. We shall, actually, succeed quite well in
finding u(P, T) for the gas, less well, under restricted conditions, for the
solid, and poorly indeed for the liquid.

However, the fact that we are not clever enough to write down explicit
relations of the form Eq. (1.2.123) does not diminish the importance of the
fact that they exist in principle. Because they do, we can learn something
useful about the behavior of matter. Suppose that we change the temperature
of the system in Fig. 1.2.9 by a small amount, d7, and let it come into
equilibrium. The pressure of each phase must change by the same amount,
dP, and each chemical potential will change from its previous (unknown)
value to a new (unknown) value. Since u, and u, must be equal to each
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other both before and after the change, they must both suffer the same
change:

du, = du, (1.2.125)
or, using Eq. (1.2.35),

—5,dT + v, dP = —s,dT + v, dP (1.2.126)

where we have written s = S/N and v = V/N; we can call these quantities
the molar entropy and molar volume. We solve for the slope of the coexistence
curve,
dPo _ S5 = 8, (1.2.127)
dT vy, — v,

Equation (1.2.127) is known as the Clausius-Clapeyron equation: the slope
of the coexistence curve is given by the ratio of the change in molar entropy
to the change in molar volume as we go from one phase to the other. The
quantity L = T(s, — 5,) = T As has the form of a heat and is called the
latent heat of the transition. The Clausius-Clapeyron equation is some-
times written

Py L (1.2.128)

dT  T(vy, — vy)

Now that we know that the change in s and the change in v are important
quantities, let us return to Fig. 1.2.5 again and imagine what we might
generally expect to happen as we move across the diagram from lower right
(rarified gas) toward the upper left, through the liquid phase and on into the
compressed solid. Crudely speaking, we are lowering 7" and so should gener-
ally be moving into regions of lower s, and we are raising P and so should be
causing the density to increase; thus v, like s, should be decreasing. To
repeat: as we cross from gas to liquid to solid, we should, generally speaking,
expect to be crossing into phases of successively lower entropy and lower
volume. Since the change in entropy and the change in volume will usually
have the same sign, we see from Eq. (1.2.127) that (dP,/dT) should generally
be positive, which accounts for our earlier remark that such is the case.

The exceptions, when the slope of the coexistence curve is not positive,
mean that either s or v is not changing in the expected direction. The most
familiar example 1s the melting curve of ice (solid H,0), which has a negative
slope as we have already seen in Fig. 1.2.8. It occurs because, along the
melting curve, ice is slightly less dense than water (recall that ice cubes float—
just barely—in water). Among the consequences is the fact that it is possible
to ice-skate or ski; ice may be melted at constant temperature by compres-
sion, so that skis or ice-skate blades are self-lubricating. If the melting curve
departed from the triple point with positive slope, it would be no more
possible to skate on ice than on glass.
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Another interesting example has already been mentioned. There is a
minimum in the melting curve of helium (Fig. 1.2.8); starting at zero temper-
ature, the slope is zero, negative, zero, then positive again. In this case, it
is the entropy, rather than the density, that behaves anomalously. The zero
slope at zero degrees means that the two phases have the same entropy,
as they must if the Third Law is to be obeyed. The liquid, therefore, is able
to become just as ordered as the solid, a unique circumstance that will bear
further study later. Below the temperature of the minimum, in fact, the
liquid actually has lower entropy than the solid at the same temperature and
pressure, giving rise to the negative slope. At the minimum in the melting
curve, which occurs at about 0.7°K, both phases have the same specific
entropy, and at higher T the solid is the more ordered phase.

In Sec. 1.2e we investigated the conditions for equilibrium between the
normal and superconducting states of a metal. Although the techniques
used seem different from the ones we have applied to the gas-liquid-solid
phase equilibria, the argument could have been carried out in a way that is
strictly analogous to the way we have done it here (see Prob. 1.4). Equation
(1.2.93) relating the super and normal free energy densities plays much the
same role as Eq. (1.2.23) for the chemical potentials, and we may use it to
derive something analogous to the Clausius-Clapeyron equation. We have,
according to Eq. (1.2.93).

HZ
fO,sc :fo,n - ==
8n

where fo ., fo..» and H, are all functions of T only. It follows that

Hose o Hom _ Tl (1.2.129)
dT dT 4n dT
But by definition, for either of the fy’s,
dfo _ L (OF (1.2.130)
dT V (7T H=0
so that Eq. (1.2.129) may be written
5, — 5, = — HedH. (1.2.131)
4n dT
where s, = S,/V, and s, = S,./V,.. The latent heat of the transitions is
L= T(s, — s (1.2.132)

so the superconducting equivalent of the Clausius-Clapeyron equation is

L= - THdH. (1.2.133)
4n dT
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A transition that has a latent heat is said to be a first-order phase transi-
tion. We may see from Fig. 1.2.3 that dH /dT is always negative, so L is
always positive. However, it is also found that dH /dT is always finite, even
in the limit as H, — 0, so that in that limit, L — 0 as well. The transition
is not first order if it occurs in zero field. To find out what happens in that
case, we take the next derivative of Eq. (1.2.131):

2 2
05\ _ () o _L[(dHN' g A
8T Jy=o T Jy=o dn|\dT dT? |y=o

_1 (d”c>2 (1.2.134)

' dg \dT

Although the entropies are equal, their slopes are not; there is a discontinuity
in the zero-field specific heat:

g =T(E (1.2.135)
T Jy
where ¢y = Cy/V and
T.[dH.T
Chse — Chn = — | =—= 1.2.136
H CH, 4n[dT]TC ( )

where T, is the transition temperature in zero field. Equation (1.2.136) has
been well verified experimentally. Figure 1.2.10 is a sketch of the heat
capacity of a typical superconductor in zero field, showing the discontinuity
at the transition.

Fig. 1.2.10

1.3 STATISTICAL MECHANICS

The job of statistical mechanics is basically to count—or, more
realistically, to find ways to avoid counting—the number of equally probable
ways in which a system may divide up its energy. In principle, one might
imagine writing down all the quantum solutions to the problem, then count-
ing how many there are. For the perfect gas, for example, the procedure
would be to choose a set of single-particle states, each with a definite energy,
each to be occupied by some number of particles. A list would be drawn up
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of all the ways in which that could be done, using up all the particles and a
fixed total energy. It is the number of such solutions that we are seeking.
If the number of particles, and the energy, are macroscopic quantities, then
the number we seek is so incredibly large that the job we have outlined is
utterly unthinkable. The real job, then, is not literally to count but rather
to interpret numbers. We shall have to find ways of breaking the problem
down into factors that are, in some sense, countable.

The business of interpreting the meaning of numbers is a tricky one.
Even the experts are sometimes fooled. It nevertheless goes on constantly, all
around us, in all phases of life. An interesting example is the game of baseball.

There is little action in a baseball game. Those who criticize baseball
on that account, however, do not understand the real nature of the enter-
prise. Most of the time is spent with all the men on the field going through
a carefully prescribed ritual, with absolute, deeply satisfying predictability.
On the other hand, every event occurring that is not perfectly predictable,
every ball, every strike, every hit, every out, is recorded with meticulous and
loving care for the benefit and enlightenment of posterity. The men who
follow baseball professionally become true experts at interpreting the great
mass of statistical data that emerges, masters at drawing the last atom of
meaning out of each fluctuation.

Toward the end of the 1971 season, the San Francisco Giants were play-
ing the Los Angeles Dodgers in a game televised in Los Angeles. In the first
inning, Willie Mays, approaching the end of his illustrious carrer, hit a
home run. Home runs in the first inning, one expects intuitively, are some-
what unusual events. The pitcher is fresh and strong, the batter’s reflexes
and muscular responses perhaps not yet entirely warmed up, there may be
some mutual feeling out to be done between hitter and pitcher, and, besides,
these explosive heroics are somehow more fitting late in the game. In any
case, Willie hit a home run and that triggered a typical baseball statistician’s
response. The datum was produced that, of the 646 home runs Mays had hit,
122 of them had been hit in the first inning: 19 percent! In that most unlikely
one-ninth of the innings, he had hit nearly one-fifth of his many home runs,

That item, for some reason, captured the fancy of the local baseball re-
porting community. 1t was discussed repeatedly during the remainder of the
telecast and received much subsequent publicity in the newspapers. It meant,
in the words of the Giants’ publicity director, that *“... Willie was always
surprising pitchers in the first inning by going for the long ball before they
were really warmed up.” One sees the power of analysis of statistics to draw
out hidden truths about the actions of men.

The datum, undoubtedly, was correct, but the interpretation was quite
wrong. Throughout Mays’ career, he had almost always batted third in the
Giants’ lineup (occasionally, he batted fourth). That meant that he almost
always batted in the first inning. He averaged about four at bats per game,
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meaning that approximately one-quarter of his at bats came in the first
inning, an inning, you will recall, in which he could only manage to hit one-
fifth of his home runs.

We do not wish to enter here into the reasons for Mays’ special diffi-
culties in trying to keep up a respectable production of first-inning home
runs. More interesting is the universal misinterpretation of the meaning of
the datum, by men who spend their professional lives interpreting just that
kind of information. Of the millions of people in Los Angeles and San
Francisco who must have heard or read the item, not one came to the aid
of the befuddled sportswriters to point out their failure. It was simple, really.
In the language we shall find ourselves using later in this section, they had
the levels right but got the density of states all wrong.

Let us, now, return to physics. We shall begin our study of the statis-
tical problem by reformulating 1t in a way that has two important advantages.
First, it will allow us to deal with systems held at a given temperature rather
than isolated with a given energy. Thus, starting from an enumeration of
the quantum solutions, we shall have ways of writing the free energy in terms
of its proper variables. Second, by turning our attention away from the
isolated system, we shall eventually be able to avoid the difficulties of quantum
uncertainties in the exact energies and numbers of states of systems, brought
up in Sec. 1.1. The results of this reformulation of the problem constitute
the essence of equilibrium statistical mechanics.

a. Reformulating the Problem

We began this chapter by imagining a body, such as a box of perfect
gas, whose physical description involved specifying its volume ¥ and number
of particles N. Then, for cach total energy E, there would be some number of
possible quantum states the body could be in, I'. In equilibrium, all these
states would be equally likely, and the system would have entropy S = k log .
Thus, in equilibrium, § = S(E, V, N) or, inverting this, £ = E(S, V, N).
Knowing E as a function of these variables, all other thermodynamic quan-
tities of interest could be deduced. All that was left to do in order to make the
connection between thermodynamics and quantum mechanics was to learn
how to count the number of possible states at a given total energy.

We have already made a great deal of progress using this formulation; all
of our thermodynamic arguments basically followed from just knowing that
it was possible, in principle, to do the counting, without actually doing it.
The counting of the possible states is the job of statistical mechanics.

Given a body to study with a certain V and N, we will generally want
to know its thermodynamic properties not as a function of E but rather as a
function of 7, the temperature. What we want, in other words, instead of
E(S, V,N)is F(T, V, N) or T, V, p). Of course, if we have E(S, V, N),
we can compute the other quantities, but it will make our work easier if
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we have a formulation in which F or Q is given directly in terms of the
quantum mechanical solutions for the body in question. We shall now work
out such a formulation.

For this purpose, in order to establish a temperature and, if necessary,
a chemical potential, we must imagine, as we have before, that the body or
object of interest to us is embedded in a very large medium, whose 7 and u
will not be appreciably affected by what the object we are interested in is
doing. We thus imagine the system as a whole, which is isolated, to consist
of a subsystem—the object of our interest—and the medium, which is every-
thing left over.

The system as a whole is subject to the formulation we started with. It
has some volume ¥, number of particles N,, and, being isolated, a total
energy Eo. In equilibrium, it has I'y possible states, all equally likely, and an
entropy S, = k log I'y. All the variables with subscript zero are properties
of the system as a whole, and all are to be thought of strictly as constants,
independent of whatever happens in the subsystem. If the subsystem is not
in equilibrium with the medium, the entropy of the combined system will be
less than Sg; we will call it S,, so that S, < S,. Similarly, the number of
possible states will be I', < T'.

The medium is to be thought of as being always internally in equilibrium.
It has variables N, V', and E’, giving I'"" choices and entropy S’. These
quantities are connected by equilibrium equations; that is,

dE' = TdS' — Pdv' + pdN' (1.3.1)

but we should keep in mind that E£’, ', V', and N’ all depend on the state
of the subsystem, since the total E,, V,, and N, are fixed and, of course, S’
depends on E’, V', and N'. In other words, if the subsystem is in a state in
which it has much more than its fair share of the energy, the medium, having
less energy than it ought to, has fewer choices of what to do with it and,
consequently, less entropy than it would otherwise have.

For the subsystem (which we have set out to study), we shall use un-
adorned variables, E, N, V, I, and S. We can take our subsystem to have a
fixed volume within the medium (the subsystem cannot be defined unless we
fix something). Energy and particles can enter and leave the subsystem as it
fluctuates among its possible states. However, we must put in the restriction
that the subsystem is small so that 7 and u (of the medium) remain fixed
during these fluctuations. We will use the approximation that, for each
possible quantum state of the subsystem, o,

E,
< Fo (1.3.2)
N, « N,

Here o is the index of a single quantum state, in which the subsystem has
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N, particles and energy E,. Formally, states of the system violating Eq.
(1.3.2) should be allowed, but, for a small subsystem, there are so few of
them that little error is introduced by ignoring them. Since we are making
these restrictions, even though S’, £’, and N’ depend on E, and N,, they will
change very little, and we are safe in assuming that their derivatives,
O0E’/8S’ = T and 6E’/ON’ = u, are constant.

Under any specified set of conditions, in which the subsystem has I
choices and the medium I', the total system will have

I, = IT (1.3.3)
and S, =S+ § (1.3.4)

In equilibrium, T, = Ty, S, = Sy, and the probability of the system as a
whole being in any particular quantum state is

(1.3.5)

Every possible state has this same probability. Suppose, however, that in-
stead of imagining the system to be in equilibrium, we specify that the
subsystem is in one particular quantum state, «. Then the number of choices
of the medium depends on E, and N,; let us call I', the number of choices
of the medium when the subsystem is in the state o. Since we have specified
the quantum state of the subsystem, it has only one possibility, so that, for
the system as a whole,

I,=1-T; (1.3.6)

In other words, of the I'y possible states of the system as a whole, there
are I',, = I’} that find the subsystem in the particular state «. Since, in
equilibrium, all T"; states are equally likely, the random probability of the
subsystem finding itself in state « is just the number of ways that can happen,
I';, divided by the number of ways that anything can happen, I'y:

W, = == (1.3.7)

where w, is the probability of finding the subsystem in state o under equilib-
rium fluctuations. Notice that, unlike w.q of Eq. (1.3.5), w, is most certainly
not the same for all . For example, as mentioned above, the more energy
E, the subsystem has in state «, the less energy is left for the medium, the
fewer choices I'; it has, and so the less likely is the state o.

The quantity w, is of central importance in statistical mechanics. For
example, if some quantity f (f might be the energy of the subsystem, say,
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or the number of particles) has some definite value in each state «, f,, then
the thermodynamic, or average, value of f will be

F=2 wf. (1.3.8)

subject to the condition that
Dow, =1 (1.3.9)
Equation (1.3.8) simply says that the average value of f'is obtained by weigh-
ing its value in each state by the probability of the state, whereas Eq. (1.3.9)
requires that the subsystem always be in some state.
If the subsystem is in the state o, the medium has entropy S,

S, =klogT, (1.3.10)
where the notation S, simply means
S! = S(Ey — E,, Ny — N (1.3.11)

This follows from Eq. (1.3.1), which tells us that, for a subsystem of constant
volume, S’ = S'(E’, N'). Since Sy, = k log I'y, we can use Eq. (1.3.10) to
write
! F;
So — S; = —klog=2 = —klogw, (1.3.12)
I'o
where we have used Eq. (1.3.7) in the last step. The quantity S, — S, is not
the entropy of the subsystem, for we know the subsystem to be in the state «,
so that it has no choices—its entropy is zero. However, if we average S, over
all states of the subsystem, we do get the equilibrium entropy of the medium,
and the subsystem equilibrium entropy S,

S=2S8,~S. =8-S, =—klogw,
= > wi(—klogw,) (1.3.13)

a«

Here we have used Eq. (1.3.8) in the last step, regarding the quantity S, — S
to be a property of each state of the subsystem.
From Eq. (1.3.12), before an average is taken, we have

So — S, S,
=exp| ————2) = Adexp |2 1.3.14
We p( T ) p (k> ( )

where 4 is a constant, independent of « but determined by the normalization
condition, Eq. (1.3.9). Using Eq. (1.3.11), we can write S, as

S; = SI(EO - Ea’ NO - Na)

oS’ oS’
= S(Ey, Ng) — E, — |[— N, 1.3.15
(Eo, No) (aE) (a N) (13.15)
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We have made use of the approximations, Eq. (1.3.2), in writing Eq. (1.3.15).
Evaluating 8S’/0E’ and 8S’/oN’ from Eq. (1.3.1), we get
uN,

T
where constant = S'(E,, Ny) is the entropy that the medium would have if

it had all the energy and particles, and does not depend on «. Substituting
Eq. (1.3.16) into Eq. (1.3.14) gives

w, = B exp (—-E—iT“—N> (1.3.17)

S, = constant — % + (1.3.16)

where B is another constant, again subject to the normalization condition,
Eq. (1.3.9):
B = !
Za exp [_(Ea - uNa)/kT]

Equations (1.3.17) and (1.3.18) allow us to find thermodynamic average
quantities of the subsystem if we have enumerated the quantum states o,
with E, and N, for each one. For example, the average number of particles
is

(1.3.18)

N = Za Na €Xp [—(Ea _ uNa)/kT] (1.3.19)
Za eXp [—(Ea - uNa)/kT]
and the average energy is
E = > E, exp [—(Ea — ﬂNa)/kT] (1.3.20)
2aexp [—(E, — uN)/kT]
However, Eq. (1.3.19) formally gives us N(T, V, u) (where V is implicit in the
enumeration of the E,’s) and Eq. (1.3.20) gives E(T, V, u). These are not the

proper variables; the proper variables of £ are S, V, and N. We can do better
if we make use of Egs. (1.3.13) and (1.3.17).

S= kY wlogw,

- , 1 U
= “kloé’Bza:w“+7~Za:w“E“—7~Za:w“N“

= _k10g3+u\]
T

(1.3.21)

or kTlogB=E — TS —uN=F — uN = Q (1.3.22)
Substituting Eq. (1.3.18) into Eq. (1.3.22), we have

E —
Q= —kT log Z exp (— “TuN“> (1.3.23)
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Equation (1.3.23) gives us Q(7, V, u) for the subsystem, which is just what
we need. If the quantum mechanical solutions, (E,, N,), are known, we can
find all the thermodynamic functions.

In the formulation we have just worked out, ¥, T, and yu are held fixed,
while E, N, and S are to be found by averaging over the possible states of the
subsystem in equilibrium [the pressure P is fixed, since, in the medium,
P = P(T, w]. If we wish instead to deal with a body in which N as well as
T and ¥V are fixed, it is not necessary to start over again. Instead, we simply
specify that

N,=N foralla (1.3.24)

Then Eq. (1.3.23) becomes

uN E

Q= —kT logexp (=— exp | — —=

g exp (kT) 2 exp ( kT)
= —uN — kT log Z exp [ — E. (1.3.25)

— kT
orsince F = Q + uN,
F = —kT log Z exp [ — E, (1.3.26)
~ kT

Equation (1.3.26) gives us F(T, V) for bodies of a given N. Instead of Egs.
(1.3.17), (1.3.18), and (1.3.20) we have, respectively,

E,
w, = Cexp (— kT) (1.3.27)
I S (1.3.28)
Y. exp (—E,/kT) -
£ - Za Eo exp (—E,/KT) (1.3.29)

2a exp (—E,/kT)

Depending on whether the number of particles is taken as variable or not,
Eqgs. (1.3.17) and (1.3.18) or Eqgs. (1.3.27) and (1.3.28) are known as the Gibbs
distribution.

Let us define the quantities

E,
Z = Za " exp (— kT) (1.3.30)
_E, — uN,
E exp ( T ) (1.3.31)

and K4

a«
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Z is called the partition function, and & is sometimes called the grand partition
Junction. In terms of the quantities we have used up to now,

F= —kTlogZ (1.3.32)

and Q= —~kTlog & (1.3.33)

or Z = ¢ FIFT = L (1.3.34)
C

and P = ¢ U = % (1.3.35)

We shall make extensive use of the properties of Z and #.

The arguments we have just given form the core of statistical mechanics.
The basic approach is simple and worth keeping in mind. In equilibrium, all
states of the system are equally likely. However, the states of the subsystem
are not equally likely—the more energy (and particles) the subsystem has,
the fewer are left for the medium, and hence the less likely the state is. This
is the crucial part of the argument; we found the probability of a given
quantum state of the subsystem as a function of temperature not by watching
what the subsystem was doing but by watching what the medium was doing.
We got the message from the medium.

b. Some Comments

In order to simplify the discussion we wish to make here, let us
consider only bodies of fixed N; the entire derivation of the previous sub-
section is easily reduced to this case.

The results we obtained all depend on finding w,, the probability of
finding the subsystem in the state «. In the state «, the subsystem has energy
E,, but « is not, in general, the only state of the subsystem with energy E,;
there will usually be many states with the same energy. In other words, the
subsystem, which can be a macroscopic body, will usually have a high degree
of quantum degeneracy—that is, many states at the same energy. In fact,
finding the number of states with the same energy in a macroscopic body
was just the counting problem we started out with. Nevertheless, it must be
stressed that w, is the probability that the body is in one single state; it is
not the probability that the body have energy £, but rather the probability
that it be in a particular one of the states that have energy E,.

Yet we found the value of w, by studying the number of choices left to
the medium I"} and S;, and these quantities depend only on E,, not on «
itself. How can the medium tell us the probability for a single state when it
does not know what state the body is in? Perhaps we can help clarify this
issue by starting out again but this time seeking w(E,), which we define to be
the probability that the subsystem have energy E, rather than the probability
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that it be in any particular state with this energy. Let us suppose that there
are pg, states of the subsystem that have energy E,. By our fundamental
postulate, all these states are equally likely when the subsystem has energy
E,; that is, the probability of any of the others is the same as the probability
of «, or w,. It follows that

W(Ea) = pE“wa (1.3.36)

Now, when the subsystem has energy E,, the medium is left with I'z_ choices,
but as we have already argued,

Iy, =T} (1.3.37)

That is, the entropy of the medium is the same whether we specify that the
subsystem is in state o or merely that it have energy E,. On the other hand,
if we specify only the energy of the subsystem, the subsystem itself now has
pr, choices, so for the combined system,

T = pslL (1.3.38)

Thus, the probability that the subsystem have energy F, under equilibrium
fluctuations is

W(E,) = I;,‘—E = ”ET“FE (13.39)
o o

Comparison of Egs. (1.3.36) and (1.3.39) confirms that

is actually the probability that the subsystem be in one particular state.

The rest of the derivation of the last subsection now goes through as
before. However, we can use pg, to help give us some insight into how the
averaging over states is actually being done. For example, according to
Eq. (1.3.27), w, is an exponentially decreasing function of E,; at any finite
temperature, the probability of any state falls monotonically as the energy of
the state goes up. Yet we know perfectly well that the most likely energy of a
body is not its lowest possible energy—-if it were, we would constantly be
finding macroscopic bodies in their ground states. Although the probability
of any particular state, «, declines with energy, the number of states with a
particular energy, pi, rises rapidly with energy, so that the probability of the
body having a given energy

WE) = b e (— E) (1.3.40)

kT

will usually have a very sharp maximum value at £, = E, the average energy;
just how sharp that maximum is we shall compute a bit later.
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In forming the partition function, Eq. (1.3.30), we sum over all states
of the body. At each energy E,, there will be pg_ equal terms, e”Z/*". Thus,
instead of summing over states o, we could sum over energies E,,

Z= 3 exp (_ fr) = b cxp (— 5T> (1.3.41)
o E,

Most of the contribution to the partition function will thus come from that
same very small range of energies where w(E,) is peaked.

For a macroscopic body at finite temperature, the energy levels that are
important in forming w(E£,) and Z will be so closely spaced that very little
error is introduced by thinking of E, as a continuous variable. We will use
the notation & for this purpose (reserving £ for the equilibrium average
value of the energy). Then the proper language to use (in accordance with the
remarks at the end of Sec. 1.1) is as follows.

The probability of the body having energy between & and & + d& is
w(&) d&, normalized by

r we)de =1 (1.3.42)

o]

The number of states in the same range is p(&) d&, where p(&) is called the
density of states. w(&) is given in terms of p(&) by

w(&) = 12 p(&)e KT (1.3.43)
and Z= J p(&)e™ KT gg (1.3.44)
V]

The average value of a quantity (&) is
© 1 —~&/kT
f= J(EWE) ds = Z F(&)p(&)e d& (1.3.45)
o o

A comment in passing: by means of the approximations, Eq. (1.3.2), the
various sums and integrals are limited to values of & or E, that are small
compared to E,. However, little error is introduced by taking them up to
infinite values of the energy because the exponential, e~ 4/*T, will always cut
them off; in fact, as we have seen, most of the contributions will come from
a very narrow range about a finite value of the energy.

With the energy written as a continuous variable, the free energy becomes

F = —kT logJ‘ p(&)e ST dg (1.3.46)
o

and so the entire problem of statistical mechanics has been reduced to finding
the function p(&). (Notice that & itself is now just a dummy variable of
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integration.) That might seem to be a significant advance, but actually it is
not. In fact, it is identical to the problem as formulated in Sec. 1.1. We
could then do our thermodynamics if we could count the number of states
of a body at any given energy. p(&) is simply the number of states of the body
as a function of energy—we are left with almost the same counting problem
that we had in the beginning.

Before finishing these comments, we would like to pull one more tidbit
out of the arguments of the last subsection. Since, as we have stressed, all
the states of the subsystem that play an important role are concentrated in
a narrow range of the parameter & or £, it should be possible to take ad-
vantage of that fact and develop a formulation that concentrates on these
states. This we shall now do.

Under any given set of circumstances, the entropy of the system as a
whole is given by

= klogT, (1.3.47)

According to Eq. (1.3.38), if the subsystem has energy E,, the system entropy
will be

S{E,) = k log p; I, (1.3.48)
so that
So — S(E,) = —klog "—'I'f:& = —klog w(E,) (1.3.49)
o
In other words,
1(E )
w(E,) = A exp (1.3.50)

where A = ¢S5 is the same constant used in Eq. (1.3.14). We may thus
write the probability of the subsystem having E, in terms of the entropy of the
total system when we specify that the subsystem has E,. Equation (1.3.50) is
true not only for the energy but also for any quantity whose value in the sub-
system affects the medium. Thus, if some quantity x is a property of the
subsystem, and we can write

Si=Si- &= (1.3.51)

where X is the average value of x, then the arguments we have given for E,
follow for x as well, and we can write

W(x) = A exp[ '(")] (1.3.52)

Now, according to the arguments we have given, S/(x) will have a sharp
maximum at x = X:

A 2
(‘;_i'> =0 (%) <0 (1.3.53)



1.3 Statistical Mechanics 53

We can therefore expand S, about X,

P N
S(%) + (a)"‘ 9+ 5 axz)x (x - 9

x

S(x)

=X

S(x) — $B(x ~ %)* (1.3.54)

where we have used (1.3.53) in the last step; the coefficient 8 is positive.
Substituting Eq. (1.3.54) into (1.3.52), we have

_ _Bx = X)* 13.5
w(x) Dexp[ o :I (1.3.55)
subject to

J wx)dx =1 =D zlﬂk- (1.3.56)

which fixes the constant D. This is a Gaussian form, with most of the con-
tribution to w(x) coming from x =~ X as expected. We shall return to it later
because it will be useful in calculating the mean probabilities of fluctuations
of various quantities from their equilibrium values. This formulation,
basically Eqs. (1.3.55) and (1.3.56), was the first publication, in 1904, of a
25-year-old patent clerk named Albert Einstein.

c. Some Properties of Z and &

The quantities Z and %, once they have been formed from the
microscopic states, contain within them all the thermodynamic information
about the systems to which they refer. From Egs. (1.3.32) and (1.3.33),
F(T, V, N) and (T, V, p) may be written directly in terms of Z(T, V, N)
and Z(T, V, p), respectively. Given these, it is easy to write formulas for
any of the other thermodynamic quantities. For example, to form the energy
E from Z, we write

E=F+ TS
OF kT 0Z
S=—-——=klogZ + —= 1.3.57
T 8T Zr (13.57)
2
or E=—leogZ+leogZ+kLa—Z
Z 0T
2 a
E= KL (%2 (1.3.58)
Z \oT )y n

Equation (1.3.58) gives us E(T, V, N), which are not the proper variables, but
Eq. (1.3.57) gives us S(T, V, N), so, in principle, T’may be eliminated between
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these two equations to give E(S, V, N). As another example, we can find

N from Z(T, V, p):
N = o _ kT (ag (1.3.59)
ouJry

where N is the average number of particles; recall that N is variable in the
formulation.

Equations (1.3.58) and (1.3.59) do not give us new results in terms of the
microscopic states; they merely confirm the self-consistency of our formulas.
Taking the temperature derivative of Z from Eq. (1.3.30), we obtain

E
— = — ex - 1.3.60
aT kTZ 2 B ( T) (1360
which may be substituted into Eq. (1.3.58) to give
1 E
== E exp| — — 1.3.61
2 p( kT) (13.61)

This last equation is identical to Eq. (1.3.29). Similarly, taking the u derivative
of Eq. (1.3.31) gives

0% 1 E, — uN,
= Na ex . a 1.3.62
on kT 2 Neexe ( KT ) (1.3.62)
which, upon substitution into Eq. (1.3.59), gives
— uN,
N, ex 1.3.63
¥ Noew ( . ) (1.3.63

and this tells us, reasonably enough, that ¥ is the average value of N,. In
other cases, we may get less obvious results. For example,

OF _ kT 0z E
_ _9F _kT' oz _ 1 P 1.3.64
v Z av Z dV ( kT) ( )

so that the pressure turns out to be the average value of the quantity dE_ /dV
(you should have found this out for the perfect gas in Prob. 1.1b). In per-
forming these manipulations, we have made use of the fact that the £, and
N, never depend on quantities like 77and u. They are, instead, definite, non-
statistical properties of individual quantum states.

The partition function Z is called that because of an interesting and useful
property it has: it partitions under certain circumstances. If the energies E,
are made up of independent contributions, say,

E, = Hi + G, (1.3.65)
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so that o is a notation for two sets of quantum numbers, / and j, needed to
specify the state, then Eq. (1.3.30) becomes

> exp _H+ G
2 kT

x5 (i) (i)

z

H, G,
Xi: exp (—E> Z exp (— k—;)
= ZuZe (1.3.66)

The partition function has become a product of separate partition functions
for the H and G contributions to the energy. H and G could be, for example,
kinetic and rotational energies of the body as a whole, or they could be the
energies of two independent parts of which the body is composed. This
property of the partition function is rather analogous to the behavior of the
wave function in quantum mechanics. If the Hamiltonian has independent
contributions in quantum mechanics, the wave function is a product of
corresponding independent factors. The partition function partitions into
independent factors if the energy, which is the expectation value of the
Hamiltonian, can be written as a sum of independent parts.

d. Distinguishable States: Application to the Perfect Gas

In order to apply our equations to the perfect gas, we must some-
how organize the problem by deciding how we are going to sort out and
describe all the possible individual quantum states of the many-particle
system. There are two principal techniques, each of which has certain draw-
backs. We can concentrate either on the particles themselves, giving the
quantum numbers of each particle to describe a state, or we can concentrate
on the single-particle states (i.e., the possible sets of quantum numbers),
giving the number of particles, or populations, of each single-particle state
to describe the state of the many-particle system.

In the first method we are basically considering the particles to be in-
dependent subsystems of the gas, with the state of the gas given by the state
of each of its subsystems, Unfortunately, this procedure leads us to count
each possible state of the gas far too many times, for we wind up counting
separately states that differ only in that some individual particles have
exchanged quantum numbers with each other. Since the particles are
identical, there is, from the point of view of the many-particle system, no
distinction between these states, and they should not be counted separately.

The second method, in which we say only how many particles have each
set of quantum numbers, is not subject to that difficulty. The difference is
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that in the first method we decide which particles are in each single-particle
state, thus distinguishing between the particles, whereas in the second method
we decide only how many are in each state, not distinguishing between them,
The second method leads unambiguously to a correct enumeration of the
possible quantum states of the many-particle system. The drawback to this
procedure is that it cannot be generalized for application to any problem
other than the perfect gas. The procedure depends on having single-particle
states that are quite independent of what all the particles are doing. In any
interacting system the possible states of each particle depend on the state
of all the other particles (in particular, where they are spatially located) and
thus this kind of enumeration is not possible.

The first method, which is more easily generalized, can be patched up
and made to work under certain circumstances. Suppose that the system has
enough energy per particle so that the number of single-particle states in the
range of energies that will make a contribution to the statistical properties is
very much larger than the number of particles available to occupy them. We
shall investigate the quantitative criteria for this condition in the gas shortly,
but it will generally be the case when the temperature is reasonably high and
the density reasonably low. Under these conditions, each single-particle
state will usually be unoccupied, and its probability of being occupied by
more than one particle at a time is negligibly small. If there are N particles
in the gas, they occupy N different single-particle states. In constructing a
many-body state from the particles, we have N choices of which single-
particle state to put the first particle in, N — 1 choices of where to put the
second particle, and so on; there are N! ways of constructing that kind of
many-particle state from the N particles. Thus, if we consider all possible
states of N particles individually, we wind up, under these conditions, count-
ing each distinct many-body state N! times. Knowing how many times we
have overcounted the many-particle states, we can easily correct the error.
This argument does not depend on each single-particle state being indepen-
dent of what the other particles are doing. It works equally well for inter-
acting systems. So long as we can ignore the possibility of two or more
particles doing exactly the same thing, N! is still the difference between how
many particles and which particles are doing each thing.

To summarize, then, the situation is this: for the perfect gas at high
temperature and low density, or for most interacting systems of atoms (or
molecules), we can count up all the possible states of the individual particles
separately and then divide by ¥! to enumerate the many-body states correctly.
We cannot do the same for the perfect gas when the temperature is low or the
density high. However, the perfect gas, under any circumstance, can be
handled by simply specifying the populations of all single-particle states as a
means of describing each distinct many-body state. Broadly speaking, the
N! approach is applicable to matter when it behaves classically, and some
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other method is necessary when quantum effects become important. This
problem of the indistinguishability of identical particles does not arise in the
case of solids, where the particles may not be distinguished but the lattice
sites to which they are attached may be. The most important example in
nature of a system that cannot be handled by either the N! or the populations-
of-states method is liquid helium, which is a quantum fluid. We shall deal
with that problem separately in Chap. 5.

Let us consider the perfect gas in the approximation in which either of
the two methods ought to work. In order to have clear names for our
separate models and approximations, we shall call this special case of the
perfect gas, when the probability of multiple occupation of any single-
particle state is negligible, the ideal gas. We shall later study cases where the
gas is perfect but nonideal.

If we think of one particle of the ideal gas as a subsystem, we have for
the single-particle partition function

- T e < - %) (1.3.67)

where ¢, is given by Egs. (1.1.1) to (1.1.4) and 3, denotes a sum over all
possible values of the set of three quantum numbers, Z, £,, and £,. Making
use of Eq. (1.3.66), the many-body partition function will have in it N factors
identical to Z, but in forming it this way, we will have counted each distinct
state with no multiple occupation N! times. Other distinct states (i.e., the
ground state of the whole system) are counted fewer times, but we expect
them to make little contribution to the thermodynamic properties under the
conditions we wish to investigate [the many-body density of states, pg_, in
Eq. (1.3.41) will be so small for these states that we ignore them]. We
therefore approximate the many-body partition function by

1
zZ=x )" (1.3.68)

so that F = —NkTlog Z, + kT log N! (1.3.69)

The term containing N! will contribute (as it should) to the entropy, S =
—dF/aT, but not to the equation of state,

pr, v) = —(2E) = NKT 0z, (1.3.70)
) Tz, av

Using Eqgs. (1.3.67) and (1.1.1) to (1.1.4), we get

0Z, 1 a_s, Eq 253 €
oz, _ L ex exp (~-fa) (1371
v v p( kT) pir & P\ ") (437
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where we have used L = V'3 in Eq. (1.1.2). Putting Eq. (1.3.71) into
(1.3.70) gives

p=2N;_2E (1.3.72)

3y 3v

1 g
wh E = — g, expl — % 1.3.73
npee() o

Equation (1.3.72), PV = %E, could be shown earlier from much simpler (and
more general) considerations (see Prob. 1.1b). In order to obtain the equation
of state, P = P(T, V), we must perform the sums in Eq. (1.3.73) to get
&(T, V). In the notation of continuous variables, Eq. (1.3.73) becomes

—e/kT
F= [ ep(e)e™ T de (1.3.74)

{ p(e)e **T de

where ¢ is the continuous version of the single-particle energy and p(g) is the
single-particle density of states. We must still perform a sum or integral over
states, but the problem has been greatly simplified, for now we need only
do it for single-particle rather than many-particle states.

In the alternative method we focus our attention on the single-particle
states, rather than on the particles themselves, by choosing a single-particle
state as a subsystem. The number of particles in the state n, must be thought
of as a variable, and the energy of the subsystem is nq¢,, where g, is the energy
of a single particle in that state and is independent of n,. Using the variable-
number formalism, we write for the Q of the state q,

Re&q — Mgl

Q= —kTlog 3 exp(——ﬂ—“zr—‘l—> (1.3.75)

states

The 3. 1S @ sum over the states of the subsystem, which is itself a single-
particle state. The only thing that can change is ng itself, so n, is the sum-
mation index:

Q, = —kT log 3™ exp | — alta = #) 1.3.76
. g Z p [ T ( )
where n, = 0, 1, 2,.... This choice of subsystem is no more peculiar than

was the choice of one particle as a subsystem earlier. In assigning thermo-
dynamic average properties to one of these essentially microscopic entities,
we can imagine, for example, that we are averaging over a very long time.
Once we compute Q, by means of Eq. (1.3.76), we can find Q for the system
as a whole from

Q=9 (1.3.77)
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where 3, has the same meaning it has in Eq. (1.3.73); it is a sum over single-
particle states. This formulation avoids the problem of multiple counting of
the same many-particle state. Furthermore, we have not yet made the ideal
gas approximation; Egs. (1.3.76) and (1.3.77) are generally applicable to the
perfect gas.

Let us now make the ideal gas approximation. For each q, the prob-
ability that n, = 0 is nearly one; the probability that n, = 1 is nearly zero,
that n, = 2 is much smaller still, and so on. The general expression for the
probability of the subsystem being in a particular state comes from Eq.
(1.3.17), together with Eq. (1.3.22):

w, = exXp [M (1378)
L kT
For the probability of n, in a single-particle state g, this expression reduces to
Q, — ng(eq — 1)
w, =exp|—4—1149 " 1.3.79
: p[ o ] (13.79)
In particular,
Q
we =exp|—2]~1 1.3.80
0 p <kT> ( )
Q, g — U
Then w, =exp|{—)exp{ —-21—=
kT kT
€q — U
~exp{—3A—)« 1 1.3.81
p( pr ) ( )
W, = exp [— E(E_qk_;__ﬂ)] = (w)? « w, (1.3.82)

and so on. From here on we shall retain only leading-order terms in the small
quantity w, = exp [ —(g, — u)/kT].

Before going on, let us see under what conditions our approximation is
satisfied. It is clear from Egs. (1.3.81) and (1.3.82) that the larger ¢, is,
the smaller w,, w,, and so on will be, so the approximation will be satisfied
for all the subsystems if it is satisfied for the one with the smallest value
of g;.—namely, the single-particle ground state, g = 0. For this state, the
condition w, « 1 is just

T« ] (1.3.83)

or, in other words, u/k T must be large and negative. An alternative statement
of the ideal gas approximation, then, is that it is a perfect gas with a large,
negative chemical potential. Recall that we argued earlier that the chemical
potential of a perfect gas is usually negative.
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The average value of n, is obtained, using Eq. (1.3.63), by

;2: — an Ng €Xp [_nq(sq - ﬂ)/kT] = exp <_ sg - ﬂ) (1384)
an exp [_nq(sq - ﬂ)/kT] kT

where we have kept leading-order terms top and bottom. Doing the same in

Eq. (1.3.76) we have

8 —
Q, = —kT log [1 + exp <— %)]

—kT log (1 + 7,)

= _kTh_q (1.3.85)

since log (1 + x) = x when x « 1. For the gas as a whole,
Q= —Py=—kT D 7, (1.3.86)

q
Q= —kTN (1.3.87)
where we have used Egs. (1.2.39) and (1.3.77), and
N= 7, (1.3.88)
q

which is basically a normalization condition. We have thus discovered that
PV = NkT

which is the equation of state of the ideal gas.

In discussing the N'! formulation, starting with Eq. (1.3.70) we attempted
to find the equation of state but failed to do so, lacking as yet the means for
doing the sum over single-particle states, Eq. (1.3.73). Here we set out to find
Q(T, vV, u) and once again failed to do so for the same reason, but we did
stumble across the equation of state without really seeking it. To get
Q(T, V, 1), we must perform the sum over states in Eq. (1.3.88), which will
giveus N = N(T, V, u), to be substituted into Eq. (1.3.87).

Notice how little we have actually had to assume in order to arrive at
PV = NKkT. The particles must be noninteracting (so that the g;’s are in-
dependent of how the particles are distributed) and all the n,’s must be small.
We never assumed, for example, that the energies of the particles are related
to their momenta by & = p?/2m. Even particles obeying quite different
dynamics would follow the ideal gas equation of state, provided only that the
temperature is high and the density low (conditions that ensure the validity
of both assumptions we have made).

In the latter half of the nineteenth century it was well established that
matter was composed of atoms, and attention turned to the question of the
composition of atoms. A suggestion arose that seems peculiar to us today;
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it was proposed that atoms were vortex rings in the aether. (The aether,
of course, was the medium that transmitted electromagnetic waves, such as
light.)

Vortex rings are very strange beasts. We shall have occasion to return
to them in Chap. 5, since they play a role in the physics of superfluid helium.
The oddity about them is that instead of having their energies and momenta
related by the usual & occ p?, they have & oc p'/? (we are speaking loosely;
see Chap. 5). That means their velocities are given by

L
op

o p—l/Z

1
oc —
€

In other words, the more energy a vortex ring has, the slower it goes. How
could such intelligent men—Maxwell, Kelvin, and many others were among
the believers—how could they have supposed that matter was made up of
vortex rings? One of the most convincing elements of that belief was the
known fact that a rarified gas of vortex rings would obey PV = NKT.

The proof given then (in an essay by J. J. Thomson, written in 1879) was
by means of difficult dynamical arguments. We have, in effect, proved the
same thing, since, in deriving our result, we did not assume that atoms are
not vortex rings. But we have also shown the result to be, in effect, trivial.
Any rarified gas will behave that way, no matter how queer the dynamics
of its particles.

e. Doing Sums over States as Integrals

Whatever formulation we use, our problem eventually reduces itself
to a sum over all possible quantum states, either of the sample (giving & or
Z directly) or of some astutely chosen subsystem. It is usually possible to do
the sum as an integral, provided that we know the appropriate density of
states. In fact, as pointed out in Sec. 1.3b, finding the density of states was
just the problem we started out with, arising directly from our assumption
that all states are equally likely in equilibrium. In classical statistics the
assumption of equal probability of all quantum states makes no sense, but
the equivalent statement is that, expressed as a function of momenta and
coordinates rather than energies, the density of states is simply a constant.
Using our quantum statistics, that constant is easily evaluated, and our
counting problem—at least for the perfect gas—is then solved. Let us there-
fore take this opportunity to discuss some of the ideas that lay at the basis
of classical statistics and compare them with their quantum counterparts.



62 ONE THERMODYNAMICS AND STATISTICAL MECHANICS

In classical mechanics the microscopic state of a system of many par-
ticles is given by describing the system—that is, the nature and interactions
of the particles, constraints such as boundaries or external force fields—and
by giving all the positions and momenta of the particles at some instant of
time. Given the necessary description, the energy of the system, &, a
continuous variable, is some function of all the positions r; and momenta p,,

&y = Eo({pi}, {ri}) (1.3.89)

where we use the notation {p;} to mean the set of all values of p;. If there are
N, particles in three dimensions, the index i runs from 1 to 3N, three values
of each of p and r being needed for each particle. In general, we shall say
that

i=1,2...,f

where f, (equal to 3N, for Ny particles in three dimensions) is called the
number of degrees of freedom of the system. In quantum mechanics f;
corresponds to the number of quantum numbers that must be specified in
order to determine a particular quantum state (it is also 3N, for N, particles
in three dimensions). Clearly, in the classical case, there are many possible
sets of the {p;} and {r;} that will give the same &, corresponding to the
many equally likely-states in quantum mechanics. The problem, classically,
is that there is no way, even in principle, of counting the number of ener-
getically degenerate sets of {p;} and {r,}, since neither the p; nor the r; is a
discrete variable; the degree of degeneracy cannot be expressed as a number.
We need an artificial construction in order to quantify the degeneracy.

Imagine a 6/¥,-dimensional space, one dimension for each of the r; and
one for each of the p; needed to specify a state of the system. In such a space
the instantaneous state of the N-particle system is represented by a single
point (with 6/, coordinates needed to specify where it is). This generalized
space is known as phase space. A point in phase space, representing the
instantaneous state of a system, follows a trajectory with time whose future
course is completely determined—in classical mechanics—by its position at
any instant. The detailed path followed by the point is governed by the
laws of classical mechanics applied to each of the N, particles, but there is a
broader restriction on where the point can go that is of interest to us. The
conservation of energy, expressed by Eq. (1.3.89), gives one equation con-
necting the 6N, variables, restricting its possible paths to a surface of 6N, — 1
dimensijons. The classical statement analogous to our equal probability of
allowed quantum states is that the phase point of the system is equally
likely to be found anywhere on that surface.

Given that assumption, it is clear that the entropy of the system must be
given by the logarithm of something proportional to the area of that surface,
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but to quantify it, we will need to divide that continuous surface into a num-
ber of distinct states. This step can be done by considering any one of the r,,
say r,, and its conjugate momentum, p,. We arbitrarily divide the entire
length of r, and p, into equal segments of length Ar, and Ap, and call the
product .

T = Ar, Ap, (1.3.90)

All the coordinate-momentum pairs are to be divided into segments with the
same product. By doing so, we have divided phase space into cells of equal
volume. If we tell in which segment of each of the r; and p; a phase point is
to be found, then we have localized the state of the system to a cell in phase
space whose volume is t/°. Let us choose t small enough so that only one
state fits in each cell. Doing so is inconsistent with classical concepts, so if
we expect classical mechanics to work (we do not, of course), we should
anticipate letting 7 shrink to zero at the end of our argument. Now we have
a way of counting the number of possible states of the system. The number,
what we called I’y in Sec. 1.3a, is given by the number of cells through which
the surface, Eq. (1.3.89), passes.

r, = L | dgpy dir (1.3.91)
f Jo

where the prime on the integral means that we restrict the range of integration
to values of r; and p, that lie within the same cells as values that satisfy
Eq. (1.3.89). By introducing some uncertainty into the locality of each phase
point, we have inevitably introduced some uncertainty into the energy, &,, of
the system, and Eq. (1.3.91) gives I’y proportional to the volume of a thin
shell, rather than the area of a surface in phase space. Presumably, these are
formal difficulties that will vanish when we let T — 0. (Actually, they will
not vanish, of course, but it will turn out to make no difference. We will
return to discuss why more fully at the end of this chapter.)

We can now repeat the formal manipulations of Sec. 1.3a. Among the
results will be

So

klog f .- f d{p} d{r} — klog/° (1.3.92q)
Jo

and S, = klog f . f d{p} d{r} — klog” (1.3.92b)
P

where 7 is the number of degrees of freedom of the medium and the double
prime on the integral restricts its range to the variables of the medium (i.e.,
to volume ¥’) and to energy

& =8, — &, (1.3.93)
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where &, is the energy of the subsystem when we restrict it to a single cell
of its phase space. We can imagine the subsystem to have a fixed ¥ and N.
Then the average entropy of the subsystem will be

S=2S,- 3

klogf---ff'od{pi}d{ri} - klogf-~-L' d{p;} d{r}

— klog tWo /) 1.3.94)

Thus the entropy of any subsystem, regardless of composition, has in it an
additive term of the form

—klogt = —fklogt (1.3.95)

where f = fy — f' is the number of degrees of freedom of the subsystem. If
we let T shrink to zero, all entropies become infinite, an intolerable situation.
On the other hand, the same quantity, 7, appears in the entropy of every
system or sample (gas, liquid, solid, argon, water), implying that it is actually
a universal constant. Thus, we are in a position to guess that classical physics
was missing a universal constant—namely, the fundamental volume element
of phase space, whose dimensions, according to Eq. (1.3.90), are those of
action (momentum times distance or energy times time). It is not hard to
guess that T will be related to Planck’s constant.

We can now perform the sum over states of any system that is not too
close to its ground state as an integral over volume in phase space, provided
that our division of phase space into cells of one state each is consistent with
quantum mechanics. The transformation is given by

2.~ Jp(é”) dé = %JL d{p}d{r} (1.3.96)

states

where the integrals on both sides of the equality are restricted to the same
range of phase space. Restricted integrals are difficult to do, but we have
already developed the formalism that generally relieves us of having to do
them. Using equations like (1.3.30) or (1.3.31), we shall almost always end
up finding what we want to know by integrating over all of phase space,
which is a much easier task. This step also gets us around the dilemma of
the uncertainty we have had to introduce into the energy. What we usually
need to know is p(&), the number of states per unit range of energy, a well-
defined quantity, rather than the number of states at a fixed energy, which is
not well defined.

We must still evaluate t. Since it is a universal constant, we can obtain
it by finding the correct quantum mechanical equivalent of Eq. (1.3.96) for
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the simplest possible case. We shall do so for one perfect gas particle in one
dimension. The energy of the particle is

hzqz
2m

Sq=

[\

where q=f{’ (¢ =0,+1,+2,...)
L is the length of the line to which it is restricted, but in every state it has
equal probability of being anywhere on the line (the wave functions are of the
formy ~ e~ % sothat ||? does not depend on its coordinate x). Its number
of states is simply counted by the index ¢; that is, the number of states
between £ and £ + AZ is simply A¢ (we should formally imagine ¢ to be very
large, since we wish to take the classical limit). Thus the number of states
between pand p + Ap is
L L
Al = — Ag =—A 1.3.97
2r 1 2nh P ( )
The same number is now to be computed classically from Eq. (1.3.96). For
this case, f = 1, and we restrict our integral over phase space to x anywhere

in L, and p in Ap:
1J J dpdr = LAP (1.3.98)
TJL Jap

T
Comparing Eq. (1.3.97) to (1.3.98), the unijversal constant t is given by
T = 2nh=h (1.3.99)

T is just equal to Planck’s constant, or, alternatively, we have found a new
interpretation of Planck’s constant: it is the volume of the fundamental
cell in phase space.

When we perform a sum over states by doing an integral over phase
space instead, we are basically performing a classical operation on our
quantum system. Before doing so, however, we have decided that we will not
specify the state of the system anymore closely than to assign it to a cell of
finite volume in phase space. This means that we are leaving some uncertainty
in each component of each coordinate and momentum of the system. Ac-
cording to Egs. (1.3.90) and (1.3.99), that uncertainty is

Ap, Ar, = 2nh (1.3.100)

which is just the lower limit allowed by the uncertainty principle. The
formulation is thus consistent with quanturn mechanics; states are packed
into phase space to the maximum density allowed. As a matter of fact, we
can now see that the uncertainty we have had to introduce into the energy in
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writing Eq. (1.3.91) is simply the same quantum uncertainty discussed in
Sec. 1.1.

Let us now make some use of our new prescription for doing sums over
states. In Sec. 1.3d we saw that the ideal gas problem could, in one way
or another [i.e., Eq. (1.3.73) or (1.3.88)], be reduced to a sum over a special
set of states, the states of a single particle in a box. We shall do so as a
first example.

For a single particle, the number of states in a region d3p d3r of its
phase space (the notation here is d°p = dp, dp, dp,) is

d3p d3r
nh)?

(1.3.101)

For the perfect gas, nothing depends on r, so the coordinate integration can
be extracted as ¥, the volume. Furthermore, the problem is isotropic, so that

d3p = 4np* dp (1.3.102)
Thus, the number of states between p and p + dp is
4nv 2
d 1.3.103
) p*dp ( )

The range of momentum dp corresponds to the range of energies de =
[de(p)/dp] dp; therefore, the number of states per unit range of energy,
which we have called p(e), is given by

4nv 2 gg

p(€) de = ) 4 e (1.3.104)
Substituting in the relation between ¢ and p,
£ = % (1.3.105)
we get -
p(e) de = ﬂ(/—z% e'/? de (1.3.106)

As an example of the use of this formula, let us calculate the average energy,
£, of a single particle in a box at fixed temperature, according to Eq. (1.3.74).

. _ Jep(@e T de [ &% T dg
£ = = 1.3.107
J'p(s)e—z/kT de J‘sl/ze—z/kT de ( )

Here we change variables to x = g/kT.

g = iy JEXe " dx

1.3.108
J‘go xl/Ze—x dx ( )
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The integrals are T functions

«©

I'n + 1) = J x"e”* dx (1.3.109)

o]

which are generalized factorials, having the property that

fn+ D _,

1.3.110
0 ( )
The result is
§ = 3kT
which, substituted into Eq. (1.3.72), gives
PV = NkT (1.3.111)

a result we had already obtained by other arguments.

Making use of Egs. (1.3.76) and (1.3.77), we can solve not only the ideal
gas problem but, more generally, the problem of any perfect gas by reducing
the computation to a sum over the states of a single particle, which we have,
in turn, reduced to an integral over the density of states. The only requirement
of the perfect gas is that the particles be noninteracting, so that the single-
particle states be independent of their occupation numbers. It is not neces-
sary that the energy and momentum be connected by ¢ = p?/2m. For
example, we can imagine a system of extremely relativistic particles, with

£ > myc? (1.3.112)
where myg is the rest mass. Then Eq. (1.3.105) is replaced by
e=c¢p (1.3.113)

where ¢ is the speed of light. Substitution of this into Eq. (1.3.104) yields a
density of states:

4nv 2

pe) de = ETAE g de (1.3.114)

In particular, a gas of photons (e.g., the radiation in a cavity) could be
described in this way.

There are other possibilities as well. In a number of instances, it is
possible to take a system of interacting particles and describe its quantum
states as being various numbers of (perhaps imaginary) particles of a new
kind, which, however, each have some energy, some momentum, and which
to a good approximation can be said not to interact with each other. Such
“particles,” which are actually collective states of a system, are called quasi-
particles. One example, in fact, is to describe the excited states of an electro-
magnetic field as consisting of photons. Once we have made such a descrip-
tion, and have found the appropriate relation between & and p for the
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quasi-particles, we can, by means of Eq. (1.3.104), easily calculate the thermo-
dynamic properties of the original system. In other words, many problems
in studying the states of matter can be reduced to the properties of a perfect
gas of quasiparticles. Examples of quasiparticle gases that we shall study
include phonons in crystalline solids, electrons in metals, phonons and rotons
in superfluid helium, electron pairs in superconductors, and spin waves in
ferromagnetic materials.

Unfortunately, not all the thermal behavior of interacting matter can
be reduced to one kind or another of noninteracting quasiparticles. In
particular, no way has been found to describe classical liquids, and inter-
acting fluids in general, in that way, which is one reason why fluids are the
least well-understood state of matter. We, nevertheless, can formulate the
general problem of the statistical mechanics of interacting fluids and shall
do so now to finish out this section.

It is adequate to describe the fluids we will study in classical terms.
To start with, no two particles can ever have the same positions and momenta,
so we can compute the distinguishable volume of phase space by taking the
total volume of all the single-particle phase spaces and dividing by N!:

p(&) dE = % % (1.3.115)

where &, as usual, is a system, or many-body, energy, and / runs from 1 to
f = 3N. The partition function is then given by

zZ = fp(é’)f”" i = J J e SKT L p} dfr} (13.116)

(2nii)3NN'

where e, {rh = Z ;" + Udr) (1.3.117)
i=1

Here U({r;}) is the potential energy of the system, which depends, in general,
on the coordinates of all the particles. The first term on the right is, of course,
Jjust the kinetic energy. Since the kinetic energy depends only on the momenta,
and the potential energy only on the coordinates, the multiple integral in Eq.
(1.3.116) breaks into a product of integrals over momenta and integrals over
coordinates:

=QT;$WJ---Jexp< 22P}<T> XD<—%>d{Pi}d{rt}
=(27h;3_~17zfm.rm< 22P}<T>d{p’}JMJCXPG%)“”}

(1.3.118)
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The momentum integrals similarly consist of N identical factors of the form

J e *T d3p (1.3.119)
P 1
where e="—=—(pl+ p’+ p) (1.3.120)
2m 2m

We have already solved this problem. In fact, the entire factor
1 p?
... ex — i d ;
N! (2nﬁ)3"f J P < > 2ka> to
1 r’ 3 i
= — exp(—-—1)d
N1 @nf)* U P ( 2m> ?
1 e_c/kT d3p d3r v
VNI (2rh)?

= Zic
- 2

(1.3.121)

where Z,; is the partition function of an ideal gas. Let us define the quantity
0 - J - J exp [— ———Ul(({;})] d{r;} (1.3.122)

which is called the configurational integral. We can then write the partition
function as

zZ =269 (1.3.123)

Notice that the fluid reduces to the ideal gas if U({r;}) = 0.
We have never actually evaluated Z;; but that is easily done. In Eq.
(1.3.121) we have

2
b 3. _ —&/kT .2
lexp{———)d’p=4n | e d
J p( 2ka> P J par

4ny/2 (mkT)3"? J e *x? dx

It

= 4z/2T G) (mkT)3'? (1.3.124)



70 ONE THERMODYNAMICS AND STATISTICAL MECHANICS

With this result and the fact that I'(3/2) = Vn/2, Eq. (1.3.121) may be

written
1 /v
Zig = ~i (/-\—3> (1.3.125)
h A 2nh (13.126)
where e ———— 3.
J2nmkT

is a characteristic length, called the thermal de Broglie wavelength of the
particles. The partition function for the fluid may be written

Zm Q9
~ Q= NT A (1.3.127)

Then the free energy may be written
F=Fg;+ NkTlogV — kTlog Q (1.3.128)

and the problem of fluids has been reduced to evaluating Q.

It will be useful for us to have in hand also the grand partition function
for a fluid. In this case, when we surm over states, one of the set of quantum
numbers over which we must sum is the number of particles.

F = Z exp( kTuN> D exp <%> D exp <- :—;) (1.3.129)
Na «’

where we are using o’ to denote the remainder of the quantum numbers in «.
The first member of Eq. (1.3.129) is Eq. (1.3.31). For each value of N,, the
quantity we must consider is

NB Z exp < ) IZV : J‘ eXp <— %) d{pi}BN, d{ri}3~“ (1.3.130)

where we have defined

z = T (1.3.131)

a quantity called the fugacity, and the sets {p;} and {r;} in Eq. (1.3.130) range
over { from 1 to 3N,. The result is

Na,
z QN,
3N,
NJA

where Qy, is the configurational integral for N, particles. Substituting back
into Eq. (1.3.129), we obtain

zNQ
£ = ; N A’;N (1.3.132)
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where we have dropped the subscript o from what is now a dummy variable,
N. We will make use of these formulas in Chap. 4 when we study the liquid
state.

f. Fluctuations

The usefulness of the apparatus we have developed so far is based
on the assertion, as yet undemonstrated, that quantities such as the temper-
ature of an isolated system or the energy of a body in a temperature bath,
although purely statistical results of random processes, will turn out to be
quite accurately predictable. In this section we shall investigate the uncertain-
ties in that kind of prediction.

In order to get some feeling for the situation we are considering, let us
start by returning to the example of the classical ideal gas, which we imagine
to be immersed in a medium at temperature 7. Rather than make use of the
formulas we have worked out in terms of single-particle states, let us consider
the N-particle gas as a whole. The energy of the gas is given by

1 3N

= — Z p? (1.3.133)
2m =

This is an example of Eq. (1.3.89) for the surface in phase space to which a

system of fixed energy is restricted. It is, in this case, the surface of a

3 N-dimensional sphere in momentum space, of radius P*, given by

P** = 2mé = ) p? (1.3.134)

(Any difficulty in visualizing the surface of a 3N¥-dimensional sphere is simply
a failure of imagination. The surface of a one-dimensional sphere is two
points on a straight line; of a two-dimensional sphere, a circle; a three-
dimensional sphere is a sphere through which any two-dimensional cross
section is a circle or two-dimensional sphere; a four-dimensional sphere is a
figure through which any three-dimensional cross section is a three-dimen-
sional sphere; and so on.)

For the gas in a temperature bath, the probability of having energy & is
[see Eq. (1.3.43)]

W) = Elp(é»)e-f/" (1.3.135)
Here p(&) is the many-body density of states, proportional to the volume of a
shell in phase space at energy &,
p(&) 88 o BV *(&) (1.3.136)
where V * is the volume of the sphere of Eq. (1.3.134)
V* oc p*3N (1.3.137)
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The distinguishable volume in phase space is really ¥ ¥V */N!, where V is the
volume oi the gas in real space, since ¥ * is constructed out of the momentum
spaces of N indistinguishable particles, but we shall not have to worry about
that here. Using Egs. (1.3.134) and (1.3.137) in (1.3.135), we get

ov*

&) 68 o8
p(&) °F

ap*
s
oc (({91/2)3N—1(g—1/2 (Sé’

oc ECND1 58 (1.3.138)

oc P*BN—I 5&

This result gives us the energy dependence of the density of states (there is a
V¥/N! and other factors in the equation). Notice that for N = 1, Eq.
(1.3.138) reduces correctly to
p(e) oc g'f? (1.3.139)
as in Eq. (1.3.106).
After we lump together 1/Z and the constants in p(&), Eq. (1.3.135)
becomes

W(&) = Cy&BND~1g=8KkT (1.3.140)
subject to
1= J w(&) d§ = Cy J SNV~ ST gp (1.3.141)
or 1 (kT)3N2 J‘w xBND=1emx gy
CN V]
=T <3—2A1> (kT)3N? (1.3.142)
(3N/2)—1
so that we) = — (£ L -enr (1.3.143)
TGN/ \KT kT
For a single particle, this reduces to
1 1/2,—£/kT
w(E) = ————— ¢gll%e 1.3.144
© = Tparyn (13149

The probability that the gas will have a given energy is the product of
two factors. One is the probability for the gas to be in some particular micro-
scopic state, proportional to e~ ¥/, an exponentially declining function of &.
The other is the number of microscopic states at energy &, proportional to
&BND=1 3 function that starts at zero (the formula is classical; quantum
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mechanically there is one state at energy zero) and rises with &. The product
of the two factors starts at zero (or one) at zero energy and rises at first but
must eventually fall, since e”¥%T — 0 faster than any power of & rises, for
sufficiently large &. There is thus a maximum in w(&), which represents the
most likely energy of the gas. The problem we are investigating is, how sharp
is this maximum? In other words, what is the relative probability of finding
the gas with an energy significantly different from its most probable energy?

One point should be obvious enough: if the maximum of w(&) is ex-
tremely sharp, the most probable energy will also be the average energy,
since we will almost never observe any other value. These quantities are
easily calculated from Eq. (1.3.143). The most probable energy, é’m, is the
solution of

= ME) o 3 [genim-igmenT (13.145)
26
or & = (%N - 1) kT (13.146)

The average energy is given by

g

J Ew(&) d&

Cy J‘ &3N12,=8IT g0

Il

Cy(kT)BND+1 Jx3~/ze—x dx

CH(kT)BYDHITEN + 1)

%N kT (1.3.147)

Comparing Egs. (1.3.146) and (1.3.147), we see that &,, and & are equal
only if N is large—that is, for a macroscopic system. For a single particle,

& = 3kT (1.3.148)
(a result we had earlier), and
= kT (1.3.149)

which immediately tells us that the distribution w(¢) is not very sharply
peaked. The reason is that the maximum occurs at ¢ ~ kT when e **T ig
not changing very fast. The product ¢'/2¢™*/*T is sketched in Fig. 1.3.1. For
many particles, the maximum occurs at & ~ NkT, where ¢ ¢/¥T is falling
very rapidly, and, moreover, p(&) ~ &3N¥D ™1 is rising very rapidly. The
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w (€)

=
)

1
3/2 e/kT

Fig. 1.3.1

result is nearly a delta function, sketched in Fig. 1.3.2. Thus, for one particle,
we expect the thermodynamic uncertainty in the energy to be of the same
order as the energy itself, whereas for many particles we expect it to be very
much less. We shall now work out just what the uncertainty is.

We will need a way to characterize or measure the width of a distribution
like w(&)—that is, the extent to which thermodynamic quantities fluctuate
in equilibrium. However, we are venturing into potentially confusing terri-
tory when we speak of the probability that a system, in equilibrium, will have
other than the equilibrium values of its thermodynamic variables, so perhaps
it will be useful to remind ourselves of precisely the operations we are going
to describe. The discussion that follows is generally applicable, not restricted
to the ideal gas.

We imagine, as always, that our sample is a part of a much larger system
that is itself isolated, with fixed total energy. The overall system, which is
in equilibrium, fluctuates about among its allowed states. At some instant
in time, we isolate the sample from the medium, so that it has, for example,
whatever energy it had at that instant. If either the volume or the number of
particles, say, was free to fluctuate as well, we imagine that to be fixed also
at its instantaneous value. We now measure the various properties of the
sample: temperature, pressure, volume, whatever we are interested in. The
result will depend on the particular, say, energy and volume at the instant it

w(e)
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was isolated, which may or may not be equal to the most probable values,
but the body itself, once isolated, is to be thought of as being internally in
equilibrium. Thus, T, P, and S, although not necessarily equal to their most
probable values, will be completely determined by the energy and volume
at the instant of isolation. We repeat this procedure many times and plot
for any quantity—E, T, P, and so on-—the number of times we get a given
result versus the quantity. The result should look like Fig, 1.3.2, giving the
probability of any given fluctuation. We must remember, however, that
although all the quantities (E, P, V, T, S) fluctuate, they do not fluctuate
independently of each other but are instead connected by the equilibrium
properties of the body.

Now let us start, for simplicity, by considering a body of fixed &, con-
tained within rigid walls, so that only the energy fluctuates when immersed
in the medium. Suppose that at the instant of isolation it is in some state
with energy &. The fluctuation in energy is then

AE =6 - E (1.3.150)
where E is the average energy as usual;
E=§¢ = J(s’w((s’) dé (1.3.151)
It follows, then, that
AE =0 (1.3.152)

The fluctuations in any quantity always average to zero. However, if we
square the fluctuations before averaging, up fluctuations and down fluctua-
tions will both contribute with the same sign, and the result will be nonzero:

BEY =@ —E) = (67 —26E + E)) = & — 28E + E* (1.3.153)
or, putting in Eq. (1.3.151),
BEY = & — E? (1.3.154)

The quantity &2 is, of course, given by

&% = J E*w(&) d& (1.3.155)

The mean square fluctuation, (AE)?, or its square root, the root mean square,
or RMS, fluctuation is a convenient measure of the width of the distribution.
Equations analogous to Eqgs. (1.3.50) to (1.3.155) can, obviously, be written
not only for the energy but also for any fluctuating quantity.

Given p(&), and hence w(&), for any system, we can calculate (AE)>.
However, there is a general way of relating (AE)? to equilibrium properties
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of the body without knowing p(#£). The fluctuations are included in the
partition function, which was constructed by imagining precisely the same
processes that we have discussed here. Written in terms of continuous
variables,

Z= Jp(é’)e"’” a¢ (1.3.156)
and F= —kTlog Z (1.3.157)
Then
2 2
;Ti = (;‘ZT_Z(—kT log Z)
—&KT 3 o2
_ # I:(j é’p(é’)ez2 as)t %f E2p(&)e=EIT déa:l
E? — &
=2 1.3.158
2
Thus, BER = & — B2 = -k 2E 2, (1.3.159)
oT?

Equation (1.3.159) gives the mean square fluctuations in the energy of any
system in terms of its own heat capacity, provided only that the fluctuations
occur at constant volume. To get some feeling for how big these fluctuations
actually are, we turn, not unexpectedly, to the ideal gas. From Eq. (1.3.147),

E =& = 3NkT (1.3.160)
and since E does not depend on ¥ for fixed N in this case,

0E _3
C, = — = =Nk 1.3.161
v ar T ( )

Thus, the relative size of the fluctuations is

V@AEY Jkr3Nk 1 JN 1
= =—=Y4 = (1.3.162)
E INKT V3N YN

The relative energy fluctuations are of order l/\/ﬁ, a result that will turn out
to be typical of extensive quantities. We see that for a single particle, N = 1,
the fluctuations are of the same order as the energy itself, as asserted above,
but if ¥ ~ 1022, then the fluctuations introduce an uncertainty of order 1
part in 10'*, an imprecision that is not usually considered intolerable.

We can study density fluctuations in an analogous way, by using the
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formulation in which N is free to vary. Retaining, this time, discrete variables
(in order to demonstrate our versatility), we have

oQ 92 E, — uN,
-— = —| —kT log exp{ ——=2——2¢
(6ﬂ2>r,v ou? I: ¢ ; P < kT ):I

_ _ UKT 3, N2 exp [—(E, — pNJJAT]
Za €Xp ['—(Ea - uNa)/kT]
l/kT{Za Na exXp ['—(Ea - uNa)/kT]}z
_ 1 ===
= = = (V2 = N?) (1.3.163)
or (AN = N2 — N* = —kT (i‘f) (1.3.164)
o Jrv

Here we have allowed the energy and number of particles in a fixed volume
to fluctuate simultaneously, holding the temperature and chemical potential
of the medium fixed. To put the result in a more convenient form, we recall
that

(‘7_9> - —N=-N, (1.3.165)
ou)ry
— oN
so that (AN)* = kT (——) (1.3.166)
ouJrv

Using Eq. (1.2.35), we find that

(_ay_ =K£_Pi =la_P (13167)
ON)rvy N\ON/r, N\op)r» e

where in the last step we have taken the constant V inside the derivative
and defined the density

= — 1.3.16
p=v ( 8)

Now, according to Eq. (1.2.99), for a system of constant A,

Ky — L (2
YV \0P/r

_Na¥IN)
V. 6P
a(1/p)
oP

1/adp
=-(2 1.3.169
p<ap>, (1.3.169)
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50 dny 1 (1.3.170)
N Jrv NpKr
(AN)? = NkTpKy (1.3.171)

where K; is the isothermal compressibility. Since we are really considering
density fluctuations, it is obvious that

ANV AU
(AN)* _ (V)" _KTp o _ KT ¢ (1.3.172)
N2 y? N | 4
Once again we can try this out on the ideal gas. In this case,
PV = NKT (1.3.173)
Ky = —L 0 (NKT\ _ NkT'_ 1 (1.3.174)
VopP P PV P

V(ANY _ JkTpy _ L
N N JN

and (1.3.175)

Once again the RMS fluctuations are one part in JN.

This result (as well as the one for the energy) depends on the compress-
ibility (or heat capacity) of the ideal gas. However, compressibilities (and
heat capacities) do not differ by large factors between the ideal gas and most
other substances, and so the relative RMS fluctuations of these quantities
are always of order of N ~'/2. There is, as we shall see later, one important
type of exception to this rule: at certain phase transitions, C}, and/or Ky
diverge and the fluctuations become very large, ultimately dominating the
behavior of the systems in question. The study of that situation is the subject
of Chap. 6.

Equations (1.3.159) and (1.3.172) refer, respectively, to energy fluctuations
at constant density and to density fluctuations when the energy is allowed to
fluctuate as well. We cannot, for example, assume that the energy fluctua-
tions in the latter case are given by Eq. (1.3.159), since the density fluctuations
will themselves contribute to the energy fluctuations. However, as long as the
density is kept fixed, the fluctuations of all other quantities are determined
by those of the energy, as we have said, through the equilibrium properties
of the body. For example, the temperature fluctuations are given by

AT = (L) aE= L aE (1.3.176)
O0E Jy x C,
Squaring and averaging give
— 1l ——  kT?
(AT)* = 5 (AE)* = — (1.3.177)
CV CV

a result valid, for the moment, only when the density is held constant.
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In order to calculate the mean square fluctuations of the various thermo-
dynamic quantities in a general way, it is convenient to write probability
functions like Eq. (1.3.140) in the Gaussian form, Egs. (1.3.55) and (1.3.56).
Suppose that we take X = 0, so x is itself the departure from equilibrium
of a quantity; for example, x = AT if we are interested in temperature
fluctuations. Then the mean square fluctuations.are

x? =ﬁf® x? exp (—3Bx?) dx
271 )~

i

™| —

(1.3.178)

To put the probability function w(x) in the proper form, we start with
Eq. (1.3.52) in the form

w(x) oC exp <%> (1.3.179)

where AS, = S,(x) — S,0) (1.3.180)

defines what we mean by A of any quantity and S, is the combined entropy
of the sample plus medium after we have isolated the sample to make our
measurement. Then

S,=S+§ (1.3.181)

and since the medium is always taken to be internally in equilibrium,

_AE"+ PAVY' —AE - PAV

1.3.182
ps P ( )

AS’

In the last step we have used the fact that ¥ + V’'and E + E'are constants.
Substituting Eqs. (1.3.182), (1.3.181), and (1.3.180) into (1.3.179), we have

W o exp (— AE — T’ii + PAV) (1.3.183)

In leading order, the argument of the exponential is zero, corresponding to
the fact that w is a maximum at equilibrium [ the first member of Eq. (1.3.53)].
We are interested in the curvature about that maximum, which will give the
width of the Gaussian curve. In other words, we want to take the exponent
of second order. Expanding E about its most probable value, we get
_JE OE 1 9*E , 0%E 1 9*E )
AE 55 AS + 6VAV + 5 252 AS)” + 35 av AS AV + 537 (AV)

(1.3.184)
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In cutting the series off at second order, we are assuming, in effect, that the
sample is large, and the fluctuations will therefore be small. The coefficients
are to be evaluated at their most probable values, so that §E/3S = T,
dE/oV = —P, and Eq. (1.3.184) reduces to

2 2 2
AE—TAS + Pav = LB (asyr 4 2 FE pgapy 4 ZE apy
2| 887 as av av?

The term in brackets may be written

2 2 2 2
AS(aEAS+ O’E AV>+AV<6E AS+(EAV>

28?2 as av aS ov ov?

=AS A oE + AV A ok = AS AT — AV AP
oS ov

Substituting this result into Eq. (1.3.183), we have

(1.3.185)

( ATAS—APAV)
woexpl{ ——

2kT

Let us imagine that after we isolate the sample, we measure its temper-
ature and its volume in order to determine the fluctuations in those quantities.
All other properties of the body are definite functions of the temperature and
volume, so their fluctuations can be written in terms of those in 7 and V.
Thus, S = S(7T, V),

AS = (BY a1 + (B av = S ar + (B av
oT ), 3V )z T aT),

where we have used the Maxwell relation, Eq. (1.2.21). Moreover,

AP = (BY AT + (2B Ay = (2B) ar - L Ay
oT ), v ) T/, VKr

Multiplying, respectively, by AT and AV, we get

1

K (AV) (1.3.186)

AT AS — AP AV = %(AT)Z -

Notice that the cross term has dropped out. If we now substitute this result
into Eq. (1.3.185), we get

CAAT)? | (AV)?
w(AT, AV) ¢ exp | — =X + 1.3.187
( ) o< exp [ KT? " 2ATVK; (1.3.187)
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Rather than a simple distribution function for one variable, as in Eq.
(1.3.55), we have here the combined probabilities of fluctuations in two
variables, with the form

w(x, y) oc exp (=48, x* — 3B,¥%) (1.3.188)

However, the absence of a cross term allows w(x, y) to split into two in-
dependent factors, each of which behaves like Eq. (1.3.55). For example,

- ” Wi, ) dx dy o f exp (—1B1x?) dx f exp (—1B,¥7) dy

so that each is normalized as in Eq. (1.3.56).

w(x, y) = \/% exp (—%lez)\/f—; exp (—4B,y%) = w(x)w(y) (1.3.189)

Then = szw(x, ) dx dy = -;—Jw(y) dv = -;— (1.3.190)

1

as in Eq. (1.3.178), and

If we take x = AT and y = AV, we see by extracting 8, and §, from Eq.
(1.3.187) that

2
QATY = kcl and (AVY = kTVK; (1.3.191)
|4

in agreement with Egs. (1.3.177) and (1.3.172). Moreover, we can compute
the correlated fluctuations of T and V:

- 2 2
(AT AV) oc | AT exp| — g’—(-A];—) dT | AV exp| — (AV) v
2kT 2kTK

o (AT) (AV)
=0 (1.3.192)

Fluctuations in T and ¥ are uncorrelated. AT and AV are said to be satisti-
cally independent variables.

The statistical independence of T'and V is due to the fact that the temper-
ature of the medium is not changed by fluctuations in the volume of the
sample. Thus, when ¥ fluctuates, say, to a larger than average value, T still
fluctuates symmetrically about the value fixed by the medium—there is no
net tendency for it to be higher or lower than average. For analogous reasons
(as we shall see below), P and S are statistically independent. However,
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other sets, such as T, S and P, V, are not, since they are connected by the
internal properties of any sample.

One consequence of the statistical independence of T and ¥ is that
Eq. (1.3.177), which we found for temperature fluctuations at constant V¥,
turns out to be correct [Eq. (1.3.191)] even if ¥ is free to fluctuate as well.

Fluctuations in all other quantities may be deduced from the ones we have
already computed. For example, the energy fluctuations when both T and ¥
are free to fluctuate are

AE = 9E AT + %E AV = C, AT + TE — P|AY
oT Jy (?VT oV )r

Squaring and averaging give

(AEY? = CHAT)? + I:T <g—i> - P:I2 (AV)?

2
= kT*Cy, + I:T (j-i) - ] kTVK; (1.3.193)
14

For the entropy,

T OP\* =3
(AS) <T> (AT) + <(7T> (AV)

= kCy + kTVKy (j;) = kCp (1.3.194)

v

We have used Eq. (1.2.107). The mean square pressure fluctuations are given

by
2 2
(AP? = <Q> LN kTVK

oT), C,  (KV)?
2
SR\ kT + kT (1.3.195)
oT), C, VK,
After some juggling this result reduces to
(AP = — EVZ Ks (1.3.196)

We can also multiply together AP and AS, then average:

AP AS = (ap) cy(—72 4 (as) (ap) %
oT ), T oV ) \ov

- <§> kT =0 (1.3.197)
v )y
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as promised above. The mean square or correlated fluctuations of all other
quantities may be found by similar arguments (see Prob. 1.14).

1.4 REMARKS ON THE FOUNDATIONS OF STATISTICAL MECHANICS

a. Quantum and Thermodynamic Uncertainties

We have developed the formalisms of this chapter, not as an end
in themselves, but in order to provide a clear conceptual basis for the studies
of the properties of matter that are to follow. In an attempt to keep things
relatively simple, we have evaded confronting certain points that are usually
dealt with in more traditional treatments. Let us, before closing the chapter,
look into some of these questions.

We started out, in Sec. I.1, with what seemed to be a simple, unam-
biguous picture: an isolated system of N particles in volume ¥ has a fixed
energy £ and therefore some definite number, I', of ways in which it can
divide up the energy among its various particles. With all these ways being
equally probable in equilibrium, we could write E = E(S, V, N), where
S = klogI', and such concepts as temperature, T = 3E/3S, fell neatly
into place. The rest of equilibrium thermodynamics followed essentially from
the fact that £ is an exact function of two or three variables and has the
properties of such a function.

It turned out, however, that quantum mechanically, and even classically,
that simple picture of a definite number of states associated with a definite
energy could not be retained exactly. In quantum mechanics the difficulty
arises because, owing to the necessity of allowing the system to undergo
transitions among its allowed states, there is necessarily some uncertainty in
the energy of any system and, consequently, some uncertainty in the number
of allowed states. The same problem arose in the classical discussion (Sec.
1.3e) when we tried to assign a number of states to the accessible portion of
phase space for an isolated system. It was necessary to think of the system as
restricted to a volume—a thin shell—rather than a surface in phase space,
thus introducing precisely the same uncertainty in energy [when we set
t = 2z# in Eq. (1.3.99) the correspondence became exact].

Operationally, this difficulty was avoided by means of the formalism
set up in Sec, 1.3a. By dealing with a body immersed in a medium, rather
than an isolated body, we found ways of deducing its statistical properties
by doing weighted sums over all its states (or integrals over all its phase
space) rather than counting the number of accessible states at fixed energy.
To perform the needed operations, it is only necessary to know the body’s
density of states—the number of states per unit range of energy—rather than
the total number of states at any fixed energy. Since the density of states is
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always well defined, the problem of uncertainty in the energy does not inter-
fere with the application of the formulas derived in Sec. 1.3a. Nevertheless,
the derivation of those formulas still rests on the idea that an isolated system
has a definite number of states—or at least a definite entropy—in equilibrium.
The time has come to look more deeply into this problem.

The resolution of the dilemma lies basically in the fact that the number
of states of a macroscopic system is so large that even very substantial uncer-
tainties in it make no appreciable difference in its logarithm, the entropy.
This point was alluded to in Sec. 1.1, but we are now in a better position to
evaluate its implications. As pointed out there, since the entropy (divided by
k) of a typical system not too close to its ground state is of order N, the
number of particles, the number of possible states is a number whose log-
arithm is of order, say, 10™. Thus, even a factor 10?3 uncertainty in the
number of states yields only an additive uncertainty of log (10%3) = 55 to the
entropy, to be compared to its value N ~ 1023, These numbers are just made
up, however, Let us see how big the errors really are.

We consider an isolated system of energy &,. We now know that there
must be some uncertainty, §&, in that energy, and we wish to know how much
uncertainty is thereby introduced into the entropy. The density of states,
p(&), is always a monotonically rising function of &, so we can be sure that
p(& ) is larger than the average value of p(&) for all lower energies:

0J0

&o
o8 = é,i f (&) d& (14.1)

The entropy of a system in a shell §&, wide in phase space is
S = klog [p(&) 66,] (1.4.2)

[since the number of states in the shell is p(&,) 6&4], which, using Eq.
(1.4.1), can be given a lower bound:

Eo
k log [p(£,) 580] = k 1og¥—° +k logj o) dE  (143)
0 0
On the other hand, away from the ground state, the number of states at
energies up to and including the shell must be greater than the number in the
shell alone:
8o

J p(&) d& = p(&,) 66, (1.44)

0

which gives us an upper bound as well;

So Eo
klogU (&) dg] >S> klogU (&) dg] ~ klog Lo
0 )]

=0 (145
5«6’0( )
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Since the entropy is rigorously bounded in this way, the largest possible un-
certainty in the entropy is k log (&£,/66,). We can be sure that our formula-
tion is valid if we require that this number be small compared to the entropy
itself. First, however, let us see if the form we have found for the uncertainty
in the entropy makes sense.

The form seems, at first, paradoxical. The smaller §&, is, the less
certain the entropy. This behavior can be understood in a number of ways.
The most direct is from the point of view of phase space. The entropy
depends on the number of cells in a thin shell. If the shell gets too thin, the
number of cells becomes sensitive to whether cells fall just inside or just out-
side the shell; there is an edge effect, in other words. A thick shell is less
susceptible to these fluctuations; the edges are less important,

We can, of course, imagine a truly isolated system with an exact energy.
Such a system would be in a stationary state, never making any transitions
at all, and the concept of entropy would therefore have no meaning for it,
That is not quite the situation we have envisaged, since in order to speak of
the various properties we were concerned with, we have had to think of
making measurements from time to time and then averaging over the results
of these measurements. For example, we have often spoke of “disconnecting”
a sample from the medium, so that the sample was isolated with the energy
of the quantum state it happened to be in at that instant. The state of the
system at a certain instant cannot be an exact-energy eigenstate—the very
process we described introduces uncertainties into the energies of the sub-
system and medium. Alternatively, we thought of an isolated system as
consisting of perfect gas particles, each of which has energy eigenstates given
by Eq. (1.1.1). The state of the system was described in terms of some way
of dividing all the energy of the system among the particles, But that could
not be an exact description; there had to be some residual interactions in
order to allow transitions between the states, The states, then, have finite
lifetimes, and the system has a corresponding uncertainty in its energy, If,
in fact, the energy of the system is too precisely determined, we must have
done so by eliminating some of the interactions (or measurements) that
allowed transitions to take place, thus isolating some of the states and
increasing the uncertainty in the number still accessible, That is the point
of Eq. (1.4.5).

Let us summarize briefly what we have said here. In order to make our
statistical arguments, we always imagine dividing our system into subunits
of some sort, either a macroscopic sample and a much larger medium or
perhaps into individual particles with definite energies in each state (it does
not matter whether the particles interact with each other or not). This
separation is always approximate; there are always residual interactions or,
what is the same thing, occasional measurements, which introduce un-
certainty in the system energy but at the same time allow the system to make
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transitions among its various states. In fact, our original argument, that a
given system would have some particular entropy depending on its energy,
remains valid provided that the uncertainty in the energy is not too small.
From Eq. (1.4.5) the condition that the entropy be precisely determined
is
b0

« ek (1.4.6)
86,

The uncertainty §&, is associated with a time, either the time between
measurements in our imaginary sample and medium system or, more realisti-
cally for the matter we are going to be studying, the relaxation time for transi-
tion between states,

TR A (1.4.7)
58,
Together with Eq. (1.4.6), this gives
e« 2 s (1.4.8)

0

This is not a severe restriction, since S/k is usually of order 1023,

On the other hand, it is important that &, not be too large. For one
thing, 86, « &, is a condition for writing Eq. (1.4.4). There is, however, a
much more severe restriction. In working out the formalisms of Secs. 1.3a
and 1.3f, we imagined a subsystem in a temperature bath to be fluctuating
among “definite” energy states, which we now know to be somewhat in-
definite, It is obviously necessary for the validity of those arguments that the
states among which the sample is fluctuating themselves be at least relatively
well defined, To ensure this, we must require that the quantum uncertainty
in the energy be small compared to the thermodynamic uncertainty, which
we may take to be the RMS fluctuations in the energy:

88, « N(AE)? (1.4.9)
or, for example, using Eq. (1.3.159), which refers to a sample of fixed volume,

58, « VkC,T

or <t i Sk (1.4.10)
T 4

(S in the right-hand number is not the entropy at temperature T but rather
the entropy when the object in question is isolated with energy &,.) Equation
(1.4.10) gives the outside limits of validity of the formulas we have worked
out in this chapter, It will turn out that the restrictions are comfortably



1.4 Remarks on the Foundations of Statistical Mechanics 87

satisfied by virtually all macroscopic systems, and even many quite micro-
scopic ones. When we apply these considerations to a small bit of real
matter, we must keep in mind that it is never actually isolated from its
medium; in other words, the 7 is not of our choosing but depends instead
on the properties of the stuff we are studying. However, for any macroscopic
system there is a wide range of 7’s satisfying the conditions (1.4.10).

b, Status of the Equal Probabilities Postulate

The basic assumption we have made is that all allowed states of a
system are equally likely. We may, if we wish, allow the justification of this
assumption to be the success of the predictions it leads to, which, of course,
is very great. It is possible, however, to trace the assumption back to two
logically preccding steps, which help to illuminate what we have done and
may also be of somc use in what follows. The two steps are, first, the ergodic
hypothesis and, sccond, cither (quantum mechanically) the principle of
detailed balance or (classically) Liouville’s theorem.

The ergodic hypothesis states that any system starting out in any (ener-
getically) allowed state will, if we wait long enough, eventually reach any
other allowed state. Classically, this supposition is easily refuted by counter-
example, and a great deal of time and ingenuity was once expended to find
ways of arguing that it was very close to being true in sufficiently complicated
systems. Quantum mechanically, it is only necessary to suppose that there
exists some way, even if it is only indirect, by way of intermediate states,
for the system to make transitions from any one state to any other. That
alone is enough to ensure that, starting with the system in any one if its
allowed states, the probability of occupation of all other states will eventually
become finite.

The second step, both quantum mechanically and classically, is to use a
theorem that may be proved directly from the appropriate mechanics. The
classical statement, Liouville’s theorem, is that the density of points (rep-
resenting possible states of the system) in phase space is conserved in time.
The quantum statement is that in a closed system (what we have called an
isolated system) the probability of any transition is equal to the probability
of the reverse transition.

Classically, as we have said earlier, if a system occupies a given point
in phase space at some instant, its future trajectory is completely deter-
mined. If we imagine a cloud of nearby points in phase space, then as time
progresses—each point following its own trajectory—the cloud will move
through the phase space, changing its shape, but, according to Liouville’s
theorem, it will not change its volume. We shall not try to prove the theorem
here but only note that the proof is applicable only to the volume in a space
of coordinates and momenta, not, for example, coordinates and velocities.
The two kinds of spaces are equivalent for particles of the kind we have been
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studying, but they differ if, for instance, we consider charged particles in
magnetic fields.

The quantum theorem of detailed balance tells us that if states g and b
of a system have the same energy, then if P, is the probability per unit time
of a transition from a to b, and P,, that from b to a,

P, = P, (1.4.11)

Aside from leading to our basic postulate that all states are equally likely, the
statement in the form of Eq. (1.4.11) is often used together with that postulate
to analyze dynamical processes that occur in equilibrium. The rate at which
transitions take place from a to b is

R, = w.P, (1.4.12)

where w, is the probability that the system be in state a. Since, according to

our postulate,
W, = W, (1.4.13)

when the system is in equilibrium, it follows that
R, = R, (1.4.14)

in equilibrium. Thus, for example, when a liquid is in equilibrium with its
own vapor, not only is the rate of evaporation equal to the rate of condensa-
tion, but those rates are also equal in detail—that is, for each direction and
velocity of gas atoms incident on the interface. Another celebrated example,
from which Einstein deduced the law of spontaneous and stimulated emission:
for an atom of matter in equilibrium with a radiation field, the probability
of the atom being in the ground state and absorbing a photon of a given
frequency must be equal to the probability that it is in the excited state and
emits the photon.

Given the ergodic hypothesis and either Liouville’s theorem or detailed
balance, the equal probability of all states in equilibrium then follows. In
equilibrium, the probability of finding the system in any particular state must
be independent of time. Classically, only a uniform distribution of prob-
abilities in phase space is consistent with the picture of a cloud of phase points
of constant density continually wandering around, getting into every acces-
sible region, without accumulating monotonically somewhere. Quantum
mechanically, the rate at which the probability of being in state a changes,
W,, 18 given by

Wo = D WyPpa — wa O Poy (1.4.15)
b b

the first term on the right being the rate at which transitions are made from
all other states into q, the second term the rate at which transitions from a
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into all other states occur. The condition for equilibrium is that w, = 0;
since Py, = P, we have

0= D Py(wy — w,) (1.4.16)

for all a. This is a set of linear homogeneous equations for all the (w, — w,)
with coefficients P,;. It turns out that the determinant of the matrix P, is
not equal to zero, so that the only solutions of Eq. (1.4.16) are w, = w, for
all g and b, which is our postulate.

The interesting point here is that the P, need not all be the same—in
fact, some of them may be zero. Suppose that at some instant the system is
in state @, with only a very small probability of getting to, say, state z,
although it easily makes transitions to states ¢, 4, and so on. We can even
suppose that it has little chance of getting from any other state into z. At
first glance it looks as if it forever after will be less likely to be found in z
than in the other states, but we have just concluded instead that if we wait
long enough, z will have the same likelihood as any of the others. The way
this situation occurs is that although it is unlikely for it to get into z, once it
gets in, it is just as unlikely to get out. The result is that it spends as much
time in z as in any other state.

c. Ensembles

In our discussions up to this point, we have made much use of the
idea that a given system or subsystem has probabilities of doing various
things. When called upon to define that notion more closely, we have
imagined sampling the object in question at various times. Thus, the prob-
ability of finding a certain state (either macroscopic or microscopic) was
exactly the same as the fraction of its time the object spent in that state.
There is an alternative way in which we could picture these statistical pro-
cesses. Instead of thinking of a single system evolving in time, we could
think of a collection of many identical systems, distributed in some appro-
priate way in phase space. The probability of finding a given state is then the
fraction of the collection of systems in that state at any single instant rather
than the fraction of its time one system spends in that state. Such a collection
of systems is called an ensemble.

The idea of ensembles was introduced by Gibbs in order to avoid a
serious difficulty in classical statistics, the failure of the ergodic hypothesis.
There were certain states that could not be reached from other states of
what were otherwise perfectly respectable systems. We can imagine, for
example, a gas of particles bouncing elastically back and forth in paths
perpendicular to walls that are parallel to each other. The system will clearly
never get from that region of phase space to any other of the same energy.
The idea of ensembles circumvents this kind of difficulty. If we start out, for
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example, with an ensemble of systems uniformly distributed throughout a
shell of constant energy, Liouville’s theorem tells us that the uniform distribu-
tion will persist forever, and we are then free to apply our statistical argu-
ments, based on that uniform distribution, to the ensemble.

In quantum statistics, the need for an ensemble over which to take our
statistical averages is not nearly so acute, and, in fact, an ensemble average
is entirely equivalent to a time average on a single system. The question of
which conceptual picture to have in the backs of our minds is purely one of
taste. The time-average idea was chosen for this chapter only because the
initial terminology is simpler, and it seemed possible to get more quickly
into intuitive discussions of how statistics works.

Whichever picture we choose to think of, it is useful to know the names
of the principal ensembles, as well as what they corrcspond to in the develop-
ment given here, in order to understand other books more easily. Very
briefly, the three most important are

1. The Microcanonical Ensemble This is the ensemble mentioned above:
a uniform distribution in a shell of constant energy. It corresponds to our
isolated system.

2. The Canonical Ensemble This corresponds basically to our sub-
system immersed in a temperature bath. Instead of a uniform distribution in
a restricted portion of phase space, phase points are distributed over all of
phase space, but with a density proportional to e~ ¢/*T (it does not have to be
a temperature bath, and so a parameter other than T could appear in the
exponential, but this is the most common case). The phase points all execute
trajectories of constant energy, so the density is preserved in time. Given the
exponential dependence, the density falls off with increasing energy, but the
volume of phase space increases so rapidly with energy (for macroscopic
systems) that nearly all the systems in the ensemble have very close to the
average energy. The reader should have no difficulty switching this back into
the language we have used before.

3. The Grand Canonical Ensemble This is basically the same as the
canonical ensemble except that it is open instead of closed. For example,
instead of only the energy varying from one system to another in the ensemble,
the number of particles varies as well, and there is another parameter (u/kT)
in the distribution, which is proportional to ¢~ #/*T+N#/kT

APPENDIX A: THERMODYNAMIC MNEMONIC

The sheer feat of memory involved in keeping track of all the thermo-
dynamic definitions, the proper independent variables of each of the energy func-
tions, and so on can become an impediment to the usefulness of thermodynamics.
To overcome this problem, there is a well-known mnemonic device for keeping
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track of all these things. The device is shown in Fig. 1A.1. You may find it neces-
sary to make up your own mnemonic to remember the mnemonic.

Vv F T
— ¢ —
N w P
Fig. 1.A.1

We see, first of all, that the four energy functions, each of which occupies
an edge of the figure, is each flanked by its proper independent variables at the
corners: Fby ¥V and T, ® by T and P, and so on. The energy functions are written
in differential form by taking the coefficients from the opposite corners and the
differentials from the near corners. If, in going from coefficient to differential the
path goes counter to the arrow, the term has a minus sign, as in Fig. 1A.2.

ﬁ)

dE = TdS...

o —PaV

fEmCREC OGN

Fig. 1.A.2

Equations of the type T = (¢E[dS), follow from these differential forms. In
order to get the transformations between the energy functions, start with any one
of them. It is equal to the next energy function (in either direction), plus the
product of the variable at the next corner times its conjugate across the diagonal,
still following the sign convention of the arrows (Fig. 1 A.3). The Maxwell relations
may also be generated, by going around three corners in order (Fig. 1A.4). In the
second step, we go around three corners in the opposite direction, ending on the
same side (the paths overlap one side), If there is a minus sign flanking the side
where the two paths overlap, there is a minus sign in the result.
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o

e or starting with ® and going in

@, the opposite direction,
@" ®=W- ST
or
@)

W=0+TS

E=W- PV

) E\)
\}Y/ P and so on.

= ;

“Dee Vdee Tat P...”

—— e

\

[ S A
- (®)
/ T

@ 7 ¥ * ... equals minus dee S dee P at T

Fig. 1.A.4

All this sounds more complicated than it is; you will find that after a few

minutes of practice generating all the relations, use of the mnemonic becomes easy
and automatic,

BIBLIOGRAPHY

The principal reference for this chapter and the next is L. D. Landau and
E. M, Lifshitz, Sratistical Physics, 2nd ed. Translated by J. B. Sykes and M. J.
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Kearsley. (Reading, Mass.: Addison-Wesley, 1969.) This is Volume 5 of the
Landau and Lifshitz course on theoretical physics. This book, like each of the
others in this series, would be a remarkable accomplishment all by itself, Altogether,
the series beggars the imagination.

The main shortcoming of the book is that it is too elegant. Each sentence
seems designed to be chipped in stone and stand as a monument for the ages.
The result is that although you can usually be pretty sure that what they have
done is correct, you often cannot be sure that you have understood what they
have done. It also suffers, inevitably, from being obsolete in places (not incorrect,
of course, just superseded)—for example, in the general area of phase transitions.
Nevertheless, the book is a landmark in the literature of statistical physics, an
endless source of ideas, insights, and techniques.

Wherever possible we have followed the notation of Landau and Lifshitz, as,
for example, in the letters for the thermodynamic energy functions. Many of our
arguments have been based on theirs, although generally given here in a simplified,
or at least elaborated, form. Particular examples are Sec. 1.2d here (variational
principles), which should be compared to Sec. 20, Chapter II of Landau and
Lifshitz, and Sec. 1.3f (fluctuations), which corresponds to Secs. 112, 113, 114, and
115, Chapter XII. The present chapter will have served a useful purpose if it only
has the effect of introducing you to that book.

There is a rich tradition of careful, detailed books by distinguished authors
in the field of thermodynamics and statistical mechanics. Probably the first in this
line is J. Willard Gibbs, Elementary Principles in Statistical Mechanics, Developed
with Especial Reference to the Rational Foundation of Thermodynamics (New York:
Scribners, 1902), a true classic but a bit dated to be of any real use to study physics
from. More to the point is R. C. Tolman, The Principles of Statistical Mechanics
(Oxford: Clarendon, 1938), which is still the ultimate authority on the most delicate
questions of quantum and classical statistics. Also in this tradition are J. Mayer
and M. Mayer, Statistical Mechanics (New York: Wiley, 1940) and, more recently,
K. Huang, Statistical Mechanics (New York: Wiley, 1963) and many others. At
a more elementary level, M. Zemansky, Heat and Thermodynamics (New York:
McGraw-Hill, 1957) has become a kind of classic in its own right, and, more
recently, there is an excellent treatment by F. Reif, Sratistical Physics (New York:
McGraw-Hill, 1965).

PROBLEMS

1.1  This problem should be done on the basis of Sec. 1.1 only, without using
any of the machinery developed later in the chapter.

a. Prove that a perfect gas in equilibrium must have uniform pressure
and uniform chemical potential.

b. Show that for a perfect gas, PV = %E.

c. A system in either mechanical or thermodynamic equilibrium should
resist changes. For example, a marble balanced on top of a sphere is not
in equilibrium, since a small push will cause its state to change dramatically,
and irreversibly, but a marble inside a spherical bowl is in equilibrium at the
bottom. We have defined what we mean by equilibrium differently, however.
Show that our definition of thermodynamic equilibrium, contained in sup-



94

1.2

1.3

14

1.5
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position 1 on page 3, implies stability against small perturbations. Can the
connection be made without using supposition 2?

a. For a perfect gas at very low density, we can assume that no two
particles have the same quantum numbers Z,, £,, and £,. This is the limit
in which PV = NkKT. For this case, using the result of Prob. 1.1b, find the
change in entropy and in volume if the masses of the particles are changed
at constant P and T.

b. Why could we not have defined the entropy to be I itself, instead of
k log I'? We would then have had E = E(T, N, ¥) and an equation just
like Eq. (1.1.6) with S replaced by I. Where would we run into trouble?

Prove that in order for two objects to be in thermodynamic equilibrium with
each other, their center of mass velocities must be the same.

a. Show that for a magnetic material at constant T and H, the quantity

_(o®
?=\ov)rn

must be uniform in equilibrium. In particular, for a superconductor at
critical field, show that the equilibrium condition is

q)n(Ts H) = q)sc(T; H) (1)
b. Use general arguments (like additivity of energy) to show that
Q= — P

do = —g dT — M dH

® = oV

Assume that p = N/V = constant and [ M dV = MV,
c. Construct ¢ for the superconducting and normal states and show that
Eq. (1) above leads to the result we had, Eq. (1.2.93),
H
fO.sc = fO.n - a
d. Show that for the superconducting and normal phases taken separately,
CH = ng

where Cy, is the heat capacity at constant H and C,, is the heat capacity with
H = H(T)—that is, along phase equilibrium at the same temperature.

e. Our arguments in Sec. 1.2e left ¥, undetermined. What does deter-
mine ¥,.?
It is found that a certain material has heat capacity

C, = aT + bT?
in the normal phase (at all T) and
Cyo = T3

in the superconducting phase.
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1.6

1.7

1.8

1.9

a. Find the critical temperature in zero field.
b. Find the critical field at zero temperature.

a. Using the fact (proved in Prob. 1.1b) that P¥ = %E in a perfect gas,

show that
Ty 2T
(ap)s 5P
b. Show that
K _ G
Kr  Cp

a. Sketch P-V diagrams, including typical isotherms, for the liquid,
solid, and gas phases of water and helium.

b. Sketch typical isochores (curves of constant density) crossing the
melting and the vapor pressure curves on a P-T diagram for argon. These
sketches need not be to scale, nor have correct units; we are interested only
in topological features.

Suppose that in some substance there is a phase transition with a coexistence
curve in the P-T plane. Along the curve, the latent heat is zero, and the two
phases coexist at the same density, but they have different heat capacities.
Find an expression for the slope of the coexistence curve in terms of other
measurable quantities.

We would like to show that particles of the same species (e.g., perfect gas
particles with the same mass) must be considered indistinguishable if our
formulation of thermodynamics is to be consistent. Do so as follows.

a. Show that
aw\ _ (s
arly N | r
for a system of fixed volume.
b. For an ideal gas, show that

(3_5) _ S _ 4

oNJr N

but be sure not-to use any result that depends on the particles being
indistinguishable.

c. Use the additivity property of the entropy to show that the dependence
of S/N on the density N/¥ must be of the form

f—v = —klog (—]:-/{) + g(T)
where g(T') is a function of temperature.

d. Now assume that the particles are distinguishable; use Eq. (1.3.69)
without the N! term to show that the entropy is inconsistent with the result
of part c.

e. We could, in principle, make a gas of truly distinguishable particles—
say, 10% particles all using different elements, isotopes, molecules, etc, How
does the argument then break down?
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1.10

1.12

1.13

1.14
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Suppose that Z = Z(T, V) is known explicitly, where Z is the partition
function for some system, Find expressions for ® and W (the Gibbs potential
and enthalpy) as a function of Z, T, and ¥. Show how they then may be
written in terms of their proper variables.

Consider a system that consists of N distinguishable parts, each of which
has two possible states, with energies Ey and E, + A. Find and sketch the
entropy and heat capacity in the high-temperature and low-temperature
limits. (What is a natural criterion for high and low temperature in this
problem?) Find the energy as a function of temperature.

There is a model of the thermal behavior of crystalline solids, according to
which each of the N atoms of the solid behaves like three independent
harmonic oscillators. The 3N harmonic oscillators (which are on distinguish-
able sites) all have the same frequency, wq. Their possible energy levels are

e, = hwo(n + %) n=20,1,2,...)
a. Show that the free energy of the solid is given by
F = 3NkTlog [1 — exp (—fwe/kT)] + $NAw,

b. Find the heat capacity, C, as a function of temperature. Give the
general formula and, to leading order, the low-temperature limit and the
high-temperature limit, and sketch a plot of C versus T.

e. Find the average value of n, #(T).

d. Suppose that in a fixed volume we wish to add one more atom to the
solid without changing the entropy. How much energy is required?

e. There is a contribution to the free energy missing from this picture
that will show up if you investigate the conditions for equilibrium between
this solid and its own vapor. What is missing from the model?

f. Assume (correctly) that the above deficiency does not affect the
entropy of the solid. Then if the model were an accurate one, we could use
the calculated entropy, together with the Clausius-Clapeyron equation and
measurements of the vapor pressure curve, to measure the absolute entropy
of the vapor. Explain why the result would not tell us whether the particles
in the vapor are distinguishable or not.

Compare the form of Eq. (1.3.143)

1 E (3N/2)—-1 1
w(E) = _—I“(3N/2) (E‘) %1 &P (—E[kT)
to the Gaussian distribution
1
w(x) = exp (—x2/2%2
N p 2%%)

where x = E — E,,. This can be done by expanding log w(E) up to second
order in (E — E,) and comparing the result to log w(x). Are they the same?
Why?

a. In the notation of Sec. 1.3, what is the difference between S, and
8,(0)? Are they equal to each other? Why not?
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b. Find the following quantities: (AP AV), (AT AS), (Ax)?, the mean
square velocity of a single particle in an ideal gas.

c. Find (AW )?, (AS AV), (AT AP), (Au AS). See also Prob. 6.2,

Suppose that in a perfect gas the interactions that cause the system to change
its quantum state all take place at the walls of the container, What approx-
imate criteria are necessary for the application of equilibrium thermo-
dynamics? Try to make reasonable numerical estimates of whatever seems
important,



TWO

PERFECT GASES

2.1 INTRODUCTION

In this chapter we take the model system so often used as an
example in Chap. 1, the perfect gas, and work out its statistical and thermo-
dynamic behavior under a variety of conditions. In Sec. 2.2 we gather to-
gether and study in detail all the results in the ideal gas approximation to the
perfect gas. As we shall see, that approximation, which is formally that every
single-particle quantum state have a low probability of occupation, effectively
assumes low densities and high temperatures. Applied to real atoms or mol-
ecules, it is consistent with the perfect gas approximation, in that it is under
the same conditions that interactions between them may be ignored. The
net result is that the formulas arrived at in Sec. 2.2 for the ideal gas correctly
describe one of the states of real matter.

As the temperature is reduced and the density increased, the departures
from ideal gas behavior observed in real matter are invariably the conse-
quence of the potential energy of interaction between the constituent atoms.
However, if there existed a perfect, noninteracting gas in nature, it, too,
would eventually depart from ideal behavior, owing to purely quantum
mechanical effects. We shall reserve for Chap. 4 the question of how real
gases depart from ideality and shall pursue instead in this chapter the ap-
parently academic point of the behavior of perfect gases in the limits of low
temperature and high density. Under these limits, when the perfect gas is
dominated by quantum mechanical rules, it is said to be degenerate,

98



2.2 The Ideal Gas 99

Two types of degenerate behavior are possible, depending on whether
the wave function of a state of the many-particle system is symmetric or anti-
symmetric (i.e., whether it is unchanged or changes sign) under permutation
of the particles. The two types of systems form, in the language of Sec. 1.4b,
nonergodic sets. The Hamiltonian of the system does not change the sym-
metry character of the wave function, so that if a systern is once symmetric,
it is forever after symmetric; there is no way to reach any antisymmetric
state. Particles that form symmetric systems are said to obey Bose-Einstein
statistics, and those that form antisymmetric systems are said to obey Fermi-
Dirac statistics. The necessary distinctions and their basic consequences are
worked out in Sec. 2.3.

In Sec. 2.4 we investigate the way in which the two kinds of perfect
gas begin to depart from ideality when we start to relax the ideal gas approx-
imation. It turns out that even though the particles are assumed strictly
noninteracting, purely quantum statistical effects lead them to behave as if
there were forces between them; repulsive forces in the Fermi-Dirac case,
attractive in the Bose-Einstein case.

In the last two sections, 2.5 and 2.6, we examine the two kinds of gases
in the extreme degenerate limit. The degenerate Fermi-Dirac gas, Sec. 2.5,
turns out to be a surprisingly good model for the behavior of conduction
electrons in metals, and so we pause in that section to examine some of the
reasons why electrons behave so much like perfect gas particles. In the Bose-
Einstein case, the apparent attractive forces that we saw start to develop in
Sec. 2.4 lead, in the degenerate limit, to a phase transition, a condensation,
which must be one of the most spectacular phenomena to occur purely on
paper. We treat the condensation as a first-order phase transition and take
that occasion to discuss some of the phenomenology of first-order phase
transitions in general. Although the Bose condensation never actually occurs
in nature, something related to it is responsible for the phenomena super-
fluidity and superconductivity, to be studied in Chap. 5.

2.2 THE IDEAL GAS

In the course of giving examples for various points made in Chap. 1,
the ideal gas approximation to the perfect gas was worked out almost com-
pletely. Let us, however, briefly run through the whole thing again here.

The system is a box of many particles, each independently obeying Eqs.
(1.1.1) to (1.1.4). We choose as a subsystem all those particles having a
particular set of quantum numbers, 7, £,, £,—that is, all the occupants of a
particular quantum state, whose wave vector is . The number of particles in
the subsystem is called ng, so that if ¢, is the energy of each particle in that
single-particle state, the energy of the subsystem is n.g,. &, and q are related
by Eq. (1.1.1), &, = #%q*/2m.
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The Landau potential of the subsystem is Q,, related to Q of the system
by Eq. (1.3.77);
Q=20 (2.2.1)
q

where the sum is over all the single-particle states. Applying Eq. (1.3.23) to
this situation, we obtain, for Q, Eq. (1.3.76):

Q, = —kT log 3" exp [—ﬁ%T;@] (2.2.2)
Thus far we have made no approximation of ideality, or classical behavior.
The difference between the classical behavior we wish to investigate here and
the quantum or degenerate behavior that will concern us in the rest of this
chapter lies in the choice of what occupation numbers, n,, are allowed to
contribute to Q, in Eq. (2.2.2). To obtain the classical case, we assume that
the average value of n, is small for all q:

ny < 1 (2.2.3)
As we saw in Sec. 1.3d, this is equivalent to Eq. (1.3.83):
T« ] 2.2.4)

which, as we shall see shortly, is valid when the density is low and the temper-
ature high. Each term in the sum in Eq. (2.2.2) has in it a factor ¢*/*T raised
to the n, power. Since the other factor, exp (—¢,/kT), is less than one for
all g, the approximation (2.2.4) allows us to drop all terms except n, = 0 and
n, = 1:

8 —_—
Q, = —kT log [1 + cxp (— JkT“H (2.2.5)
The average occupation number is given by
n—q = — aﬂq =exp| — {_:3__# (226)
ou kT

and we see that Eq. (2.2.3) is satisficd for all q if Eq. (2.2.4) is satisfied,
Substituting (2.2.6) into (2.2.5) gives
Q, = —kTlog (1 4+ ny) = —kTn, 2.2.7

where we have made use of (2.2.3) to approximate the logarithm. Since
Q = —PV, and

N=Yn (2.2.8)
q
Eq. (2.2.1) may be applied to give
PV = NkT 2.2.9)
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Equation (2.2.9) is the equation of state of the ideal gas, obtained by the same
argument earlier.

More information than that is available to us, however. The quantity
n, depends on T, V¥, and u through Eq. (2.2.6) [recall that ¢, depends on
V = I? from Egs. (1.1.1) to (1.1.4)]. Thus, Eq. (2.2.7), together with 2.2.1),
should give us Q(T, V, u), which would be everything there is to know.
Alternatively, Eq. (2.2.8) gives us N(T, V, u), which, together with (2.2.9),
can be solved for u(P, T). Let us proceed this latter way.

N = n, = | exp <~ u) p(e) de (2.2.10)
T e (-

Recalling Eq. (1.3.106), we have

4n/2 Vmd2 g1/

p(e) = )} 2.2.11)
3/2
Then N = 41‘(/_;2_:)';__ /KT j o2 g
7
|4
=5 (2.2.12)
where, as in Eq. (1.3.126),
2nh

A= \/Tnm—k—_’r (2.2.13)

x12e™* dx =T 3\ o _\/_”
2 2

Now, using Eq. (2.2.9) to eliminate (N/V) from Eq. (2.2.12), and solving
for u, we find

and we have used

kT
g (2.2.14)

b = Nu =

(2.2.15)

We at long last have one of the energy functions in terms of its proper
variables. The equation of state is easily retrieved:

= (‘73) = kTN (2.2.16)
oP)en P
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and we are now able to find the entropy,
s= (2
0T /e n
m

5 5 3
~Nklog P + = Nk log kT + Nk(= + = log 2.2.17
gP+7 g kT + (2 5 &’Znh2> ( )

or using Eq. (2.2.16) to eliminate P in favor of N/V,

N 3 5 3 m
S = ~Nklog N 1+ 2 Nktog kT + Nk 2 + 2 log 2218
By FarreRE A <2+2 é’Zﬂh2>( )

All other thermodynamic results are easily derived from these formulas.
For examplc, from (2.2.17) and (2.2.18),

co =T (BY =3 Nk (2.2.19)
T /) 2

¢, =7(%8) =3 n (2.2.20)
oT), 2

and so on. We may now consider the ideal gas problem solved.

Before going on to nonidcal perfect gases, however, let us pause here to
make a few observations.

The ideal gas approximation, Eq. (2.2.4), may now be seen, by means of
Eq. (2.2.14), to be

%\Tg > 1 2.2.21)
3/2 1/2
or m \TKRDT (2.2.22)
21h? P

The approximation is thus valid under a combination of high temperature
and low pressure. Using (2.2.9) to replace P by NkT/V in Eq. (2.2.21), the
condition may also be stated

3
N%— « 1 (2.2.23)

We have been imagining the gas to consist of N, a large number, of
particles fluctuating about among momentum eigenstates, each particle with
an energy, on thc average, of order k7. We can, if we wish, think of the same
many-particle states among which the gas is fluctuating as consisting of fairly
wcll-localized particles by constructing wave packets out of the available
momentum states. Since the particles have linear components of momentum
on the order of 2mkT)!/2, we can expect the wave packets we construct to
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have linear extent of the order of #/(2mkT)'/>—that is, approximately A.
Thus A3 can be thought of, roughly, as the quantum mechanical size of the
particles. Equation (2.3.23) shows that the criterion for the ideal gas approx-
imation is essentially that the density be low enough to ensure that the
particles do not overlap quantum mechanically. That being the case, we can
picture a rarefied gas of particles with fairly definite positions, whose un-
certainties in momentum are no worse than they would have been thermo-
dynamically if they were classical objects. In short, we can use a classical
description. As we shall see later, Eq. (2.2.23) may be satisfied, and a
classical description therefore valid, even when the system can no longer be
thought of as a rarefied gas on other grounds.

We argued in Sec. 1.3d that, for the classical perfect gas, we could
obtain the thermodynamic functions from Eq. (1.3.69), which, together with
Eq. (1.3.125), may be written

F = —NkT log (AX;) + kT log N'! (2.2.24)

This should be compared to the free energy constructed from Eq. (2.2.15)
with the help of the equation of state,

F=® — PV = —kTN log ~ NKT (2.2.25)

NA3
The two results are the same provided that
logN! = NlogN — N (2.2.26)

Equation (2.2.26) is called Stirling’s formula, and we have arrived at it in a
rather roundabout way. A more conventional derivation would begin by
noting that

N!l=1x2x3x'-%xN

so that log N!=logl +log2+ -4+ logN

N N
Z logm = Z (log m) Am
1 1

The sum is then approximated by an integral,
N

N
Z(log m) Am =~ j log m dm
1

1
={mlogm — m}}
=~ NlogN — N (2.2.27)

The approximations become exact in the limit of infinite N. We thus see that
it is in that limit that the two formulations we have used, what we have



104 Two PERreCT GASES

learned to call the canonical and grand canonical ensembles, become
exactly the same. That situation is to be expected, since in the canonical
ensemble there are exactly N particles in the system, whereas in the grand
canonical ensemble the particle number has fluctuations of order VN, as
we saw in Sec. 1.3f. These latter fluctuations become negligible when N
approaches infinity.

In spite of the allegedly classical nature of our results, however, we
find % appearing in Eqgs. (2.2.17) and (2.2.18). We had actually anticipated
that this would occur, in Sec. 1.3e. According to Egs. (1.3.95) and (1.3.99),
we were to expect in every entropy a term of the form

—fk log (27h)

where f is the number of degrees of freedom; in this case, f = 3N. That is
just the term we find in Egs. (2.2.27) and (2.2.18).

The behavior we have deduced for the ideal gas is to be expected to occur
when the low-density approximation we have made is valid. However, that
approximation has been applied to what was already only a model: a system
of noninteracting particles. That model is, in turn, an approximation to the
behavior of real matter under certain conditions. Basically, we can expect
the noninteracting model to be a good one to represent real matter when the
atoms composing it are far apart and when the kinetic energy of the atoms is
large compared to the potential energies of interaction between them. These
conditions are met in the same limit as the ideality conditions: high temper-
ature and low density. Real monatomic gases, at sufficiently high temper-
ature and low density, are accurately described by the ideal gas results we
have obtained.

The range of conditions under which real gases behave ideally cannot be
given in terms of density or temperature alone but require instead a com-
bination of the two, such as Eq. (2.2.23). For example, the vapor of liquid
helium satisfies Eq. (2.2.23) down to temperatures below 1°K, and is, in
fact, an ideal gas even at those low temperatures, because the density of the
gas at the vapor pressure is extremely low.

Suppose that we take some (reasonably large) number of real atoms, N,
in a fixed volume V and start to lower the temperature. Regardless of what
N and V we start with, it is clear that at some temperature one or the other
of the approximations we have made must start to break down. Equation
(2.2.18), for example, cannot remain valid to arbitrarily low temperature
because the entropy would then diverge instead of vanishing, as required by
the Third Law of Thermodynamics. For all real matter, it turns out that the
perfect gas, or noninteracting approximation, breaks down first. We thus
invariably find departures from ideal behavior when Eq. (2.2.23) is still well
satisfied. The criterion necessary for a real gas to obey the ideal gas equations
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must depend on the interactions and, in practice, be more stringent than
Eq. (2.2.23). We shall return to it in Chap. 4, where we shall study the way
in which real gases depart from ideality.

Even if the initial density is quite low (say, much less than the critical
value for a given substance), as we further reduce the temperature, still
keeping N and V fixed, we reach a point where the gas begins to condense
into a liquid; and at lower temperature still (for all substances except helium),
the liquid freezes into a solid. These phenomena are, of course, consequences
of the interactions. The condensed (liquid or solid) phase eventually comes
to contain most of the atoms present, although it occupies only a small
fraction of the available volume. The remainder is gas at the vapor pressure.
This gas phase may be quite accurately ideal (as in the case of helium men-
tioned above and even more accurately for other substances), but the
number of atoms in the gas phase decreases rapidly as the temperature is
reduced. The entropy per gas atom actually does diverge as the temperature
approaches zero, but the number of atoms goes 10 zero, as does the total
entropy.

We are left with a question that at first sight seems purely academic.
Real substances depart from ideality because the interactions become im-
portant; but what of our perfect gas model where there are no interactions?
Granted that there are no perfect gases of the kind we have described in
nature; nevertheless, our model system ought to obey the laws of thermo-
dynamics. In particular, it should have a nondegenerate ground state, and
hence zero entropy at zero degrees. How, then, does our model system
behave when the condition (2.2.23) no longer holds?

The question is not purely academic. The answers to it involve a number
of physical phenomena on which a substantial part of our understanding of the
behavior of real matter is based. The remainder of this chapter will be
devoted to investigating how the perfect gas behaves when it is not ideal.

2.3 BOSE-EINSTEIN AND FERMI-DIRAC STATISTICS

In Sec. 1.3d we discussed ways of ensuring that we did not count
separately states of a many-particle system that differed from each other
only in the matter of which particles had particular quantum numbers. Since
the particles are indistinguishable, no new states of the system are to be
obtained by interchanging them. In this section we consider some further
consequences of the indistinguishability of particles.

It was known before the rise of quantum mechanics that in order to
describe the entropy of gases correctly, the particles had to be considered
indistinguishable for counting purposes. However, it is only in quantum
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mechanics that indistinguishability is installed as a fundamental principle.
Particles must be indistinguishable in order to obey the uncertainty principle.
If we momentarily localize a particle in order to identify it, we can have no
idea of its momentum, so that the identification must be lost in the next
moment.

As long as the low density and high temperature of a gas ensure that no
two particles are likely to have the same quantum numbers, the effects of
indistinguishability are purely statistical, as we have seen. However, at low
temperatures and higher densities, the kinds of quantum states that the system
can be allowed to be in must be restricted in order that there be no way to
distinguish between the particles.

To see how this restriction works, suppose that we have a system of two
particles that, in a certain state, has wave function (1, 2), or if the particles
are interchanged, ¥(2, 1). There must be no way of distinguishing between
these two possibilities; thus,

(1, 2)*
or ¥(1,2)

Interchanging the particles can, at most, change the sign of the wave function.
If it does so, the state is said to be antisymmetric; if not, it is symmetric.
Now let us suppose that the two particles occupy single-particle states @ and
b with wave functions ¢, and ¢, when the system is in the state . If the
notation ¢,(1) means that particle 1 is in state a and so on, the possible ways
of constructing two-particle states from the single-particle states ¢, and ¢,
are ¢,(1)9,(2) and @,(2)d,(1). The physically correct state will be a linear
combination of these states that obeys Eq. (2.3.2). Two are possible:

¥s ¢ (DB5(2) + da(2)Ps(1) (2.3.3)

which is symmetric, or
Ya o dDPy(2) — dA2)Ps(1) (23.4)

which is antisymmetric.

We see immediately, from Eq. (2.3.4), a remarkable result: if @ and b are
the same state, so that ¢, = ¢,, then the antisymmetric version of i is zero.
For an antisymmetric system of two particles, there is no amplitude for both
to occupy the same state.

The procedures for forming Eqgs. (2.3.3) and (2.3.4) are easily generalized
for systems of many particles. In the symmetric case, the system wave
function is the sum over all permutations of the particles of the product of the
single-particle functions. The antisymmetric case is formed in the same way,
except that each term in the sum is multiplied by a factor (—1) for each

W2, DI? (2.3.1)
+¥(2, 1) (2.3.2)
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permutation of particles by which it differs from the first term. For example,
the antisymmetric wave function for a system of three particles is

Va1, 2, 3) ¢ @u(1)B4(2)9c(3) — Bul1)B5(3)hc(2)
= $D(1)P(3) + D.(29:(3)P.(1)
= u(3)9s(2)P:(1) + u(3)(1)D:(2) (23.5)

It is easy to see that if any two of the states are the same (say, ¢, = ¢,),
then Y, = 0. That is quite generally true. For an antisymmetric system of
particles, no more than one can occupy any single-particle state. That re-
striction is known as the Pauli exclusion principle. There is no restriction on
the ways in which particles with symmetric wave functions can occupy single-
particle states.

Particles whose wave functions are antisymmetric, and which therefore
obey the exclusion principle, are said to obey Fermi-Dirac statistics and are
sometimes called fermions. Those with symmetric wave functions obey Bose-
Einstein statistics and may be called bosons. The rules for deciding which
type of statistics are to be obeyed by a given particle are simple: particles
with odd half-integral spin (spin 4, 2, etc.) are fermions. Those with zero or
integer spin are bosons. Notice that if two fermions (or, for that matter, any
even number) become bound together, the rules call for us to assign Bose-
Einstein statistics to the bound pair. All particles in nature obey either Bose-
Einstein or Fermi-Dirac statistics.

For the perfect gas, the states a, b, etc. are those described by Egs.
(1.1.1) to (1.1.4) (with plane-wave functions). The choice of one or the other
kind of statistics affects the values that n,, the occupation number of each
single-particle state, is allowed to have. In the classical case, we restricted
n, to either zero or one only because larger values would have negligible
probability, ensured by Eq. (2.2.4). We now wish to relax (2.2.4) and allow
the choice of statistics to govern the sum Eq. (2.2.2). Let us consider the two
cases separately.

Fermi-Dirac statistics
Owing to the exclusion principle, the sum in Eq. (2.2.2) has in it
terms only for n, = 0, 1:

Q, = —kTlog|1 + exp (£ 5o 2.3.6
q g I: p ( T ( )
The mean occupation number is obtained by using Eq. (1.2.38) in the form
! du 1+ exp[(u ~ &/kT]
1

" exp [(cq — W/KT] + 1 (2.3.7)
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To get Q and N for the system as a whole, we sum Q_ and 7, over all single-
particle states:

- ) e —u
- 1
v zq: exp [(s, — W)/kT] + 1 (2.3.9)

Bose-Einstein statistics
In this case, there are no restrictions on n,. The sum in Eq. (2.2.2)
runs from zero to infinity:

Q, = —kTlog 3 exp [ﬂ“k‘T"Q] (2.3.10)
n=0

The sum in Eq. (2.3.10) is of the form

doxm (2.3.11)
n=0
where X = exp (ﬂ_‘_ﬁ) (2.3.12)
kT

The condition for the sum, Eq. (2.3.11), to converge is x < 1. According to
Eq. (2.3.12), we must therefore have u < ¢,, and this condition must be met
for all q. Thus, for the Bose gas,

4 < & (2.3.13)

where g, is the single-particle ground state. In our formulation, g, = 0 for
the state ¢ = 0. Thus, we must require, for a perfect gas of bosons,

u<0 (2.3.14)
With this restriction, Eq. (2.3.11) may be summed
@O " 1
D X =
n=0 1 -x

so that Eq. (2.3.10) reduces to

(2.3.15)

Q

1
@ = kT os [1 — exp [—(eq — u)/kT]]

kT log [1 ~ exp <* iﬂfT_“ﬂ (2.3.16)
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The mean occupation numbers are

A= — % 1 (2.3.17)

! ou  expl(eq — wkT] — 1
and for the system as a whole
kT 3 log [1 — exp (— g.,_—_u)] (2.3.18)
- kT

1
2 o T~ kT =1

Q

N =

(2.3.19)

The classical limit
In discussing the ideal gas it was unnecessary to distinguish between
fermions and bosons. It follows that, in the proper limit, the formulas for
both types of particles should reduce to the ideal values. Let us write to-
gether Egs. (2.3.8) and (2.3.18):
g

Q= TkT ) log [1 + exp (— JfT—“ﬂ (2.3.20)
- q

where the upper sign refers to Fermi-Dirac particles and the lower to Bose-
Einstein. Using the same convention, Eqgs. (2.3.9) and (2.3.19) become

1
N =
25 [(e, — W/KT] £ 1
Equations (2.3.20) and (2.3.21) emphasize the great similarity between the
formulas governing the two types of particles. Yet, as we shall see, they
behave in profoundly different ways in the limit of low temperature and high

(2.3.21)

density. On the other hand, in the opposite, classical limit, since e #*T > 1,
Eq. (2.3.21) reduces to
Eg— 1
N = exp| — 1+ —F 2.3.22
Zq: P ( e > ( )

the same—and equal to the ideal gas result in both cases—and expanding the
logarithm by means of

log(1 £ x) = £x — Ix*> + -+ (2.3.23)
we find in both cases,

Q= —kT 3 exp (— f’ﬂ‘—“) (2.3.24)
- kT

which is, once again, the classical result.
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2.4 SLIGHTLY DEGENERATE PERFECT GASES

In the next three sections we shall study the way a perfect gas
behaves when its true quantum mechanical nature asserts itself. In doing so,
we obviously cannot uncritically make use of classical approximations that
we were able to apply earlier. In particular, we must reexamine the pro-
cedure for doing sums over states as integrals. We shall start this section with
a brief reconsideration of the validity of integrating over discrete states,
then go on to consider the leading-order correctjons to the ideal gas equation
of state as the ideality approximation begins to break down.

The basic criterion for an integral to be an accurate approximation to a
sum over discrete states is that the distance between the states be small com-
pared to the smallest units of energy that are otherwise of interest. The sums
we wish to perform, basically Egs. (2.3.20) and (2.3.21), are over single-
particle states. It should be obvious that no appreciable error will be intro-
duced by ignoring the discreteness of the states, provided that the distance
between adjacent states is much less than the root mean square fluctuations
of the energy of a single particle in equilibrium. For a single particle, the
energy fluctuations are of order k7, while the spacing between energy states
is (#*/2m)(2n/L)* [see Eqs. (1.1.1) to (1.1.4)]. The criterion for doing

integrals is thus
2 2
kT > —h—— 2n (2.4.1)
2m \ L

In the rest of this chapter, when we take results in the limit of low temper-
atures, we shall nevertheless always intend that Eq. (2.4.1) is understood.
It is not excessively restrictive. For L ~ 1 cm and m &~ 10™%* gram—
the mass of a hydrogen atom—we find 7 > 107 !3°K. If we use the electron
mass instead, we must keep 7 > 107!'°°K. There is no difficulty in main-
taining temperatures above these values; practically speaking, it is impossible
to do otherwise.

Equations (2.3.20) and (2.3.21) are to be evaluated, then, by integration
over the density of states. There is, however, one minor modification to be
made. In distinguishing between Bose-Einstein and Fermi-Dirac particles,
we are now taking into account the spin of the particles (the only property we
considered in Sec. 1.1 was mass). In the absence of any fields that interact
with the spins, a particle with spin S has 2§ + 1 orientations possible, and
these are energetically degenerate. This spin degeneracy is superimposed on
the momentum degeneracy that we have previously considered; it increases
the number of possible states at a given energy by a factor (25 + 1) for each
particle and introduces an additive term, k log (25 + 1), in the entropy for
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each particle. All of this will be taken care of properly if we increase the
density of states we have been using by a factor (25 + 1). Defining

g =25+ 1 (2.4.2)
we rewrite Eq. (1.3.101) for the number of states in d>p d°r of phasc space,
3 3
dpdr (2.4.3)
Q)
and, correspondingly, rewrite Eq. (1.3.106) as
P 3/2
p(e) de = 4_7:\/2_ng_ gl/2 de (2.4.4)

(2n#)3

In this book we shall almost always be concerned with Bose particles of spin
zero, g = 1 (the value it has had up to now), or Fermi particles with spin
$andg = 2

We are now prepared to investigate the leading-order departures from
classical behavior. The classical limit, as we have seen, is obtained from
Eq. (2.3.20) by retaining the first-order term in the expansion, Eq. (2.3.23).
Higher-order terms are negligible owing to the condition, Eq. (2.2.4),

T« 1 (2.4.5)

We now wish to see what happens when e**T is still small but has grown
large enough so that the next-order term in the expansion of the logarithm
can no longer be neglected. We have then

- €q — U
Q= JkT log|1 &+ exp| — 22—+
wer ] o ()
=-—kTZexp _sq_ﬂ i—.lf_j_.‘ exp _M
. kT 2 49 kT
kT 2u 2¢,
= Q j0s T — exp [ — exp| — —3 2.4.6
L 5 €XP (kT> ; P ( kT) (2.4.6)
where Q,., is the classical, or ideal, value of Q. Notice that the original

argument that led to the form of Q. is somewhat different from the one we
have used here. In Sec. 1.3d, and later in Sec. 2.2, we arrived at the form
given in Eq. (2.2.5) by arguing that higher-order terms represented multiple
occupancy of single-particle states, a condition assumed to be unlikely. We
were performing a sum over occupation numbers, #,, inside the logarithm. In
this case, the sum over n, has already been performed, leading to the Bose and
Fermi equations of the last section, and so the new term we are considering
represents not two particles in a single state (which would be forbidden in
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the Fermi case) but rather the leading correction as Eq. (2.4.5) begins to fail.
We have now to evaluate the sum in Eq. (2.4.6):

Z exp (— %) = Lw p(€) exp (* 1:'—;> de

N2 [ 2¢
= <§> L p(28) exp (-— ﬁ) d(2e) (24.7)

where we have made use of the fact that p(¢) oc ¢!/2. Noting that the 2¢ in
the integral is a dummy variable, we can write the correction term in Eq.
(2.4.6) as

0

5/2 ©
+ (%) kTez“/"Tj p(e)e “*T de (2.4.8)

The leading-order term is

u €
Quass = —kT exp | — exp| ——L
= e () Soe(-3)
= —kT e“/"f ple) e T dg (2.4.9)
0
Comparing Eqgs. (2.4.8) and (2.4.9), we see that Eq. (2.4.6) may now be written
_ et T
Q= Q... I:l + ——(2)5/2] (2.4.10)
or recalling that Q = — PV and Q,,, = —NKT,
_ et T
PV = NkT I:l F W:I (2.4.11)

The upper sign, remember, is Fermi-Dirac statistics and the lower, Bose-
Einstein.

In order to interpret this result, we must think carefully about what we
have been doing. Our approach has basically been to calculate Q in terms
of its proper variables, T, V, and u. We have found that, at a given T, V,
and p, the quantum statistical corrections to the ideal gas equation of state
have different signs for Fermi and Bose statistics. The effect of the statistics
is evidently to act as a kind of force between the particles, changing the
relation between pressure and density at a given temperature. However, we
cannot, from Eq. (2.4.11) alone, decide in which case the force is attractive
and in which case it is repulsive, since, holding T, V, and u fixed, we have
really found the correction to the quantity P/N. It must be remembered
that N is variable in this formulation. What we would like to know is this:
What is the leading correction to the pressure of a gas of fixed T, V, and N?
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If the pressure is increased, the effective forces are repulsive, and if decreased,
they are attractive. We need, then, to compute the pressure as a function of
T, V,and N.

To do so, we must construct the free energy, F(7, V, N). In Sec. 1.2b we
argued that, owing to the way the transformations among the energy func-
tions were defined, a small change in the system will produce the same
change in each of the energy functions, if done with its own proper variables
held fixed. In particular, for the correction to the ideal gas free energy,
we have from Eq. (1.2.40)

GF)ryn = (D1, (2.4.12)
where we are using the notation
QT V, 1) = Quaee + D11, (2.4.13)
F(T,V, N) = Fys + 0F)1 v 5

eu/kT eu/kT

Then 0Q = :‘chass (2)5/2 kT (7)5—/3

(2.4.14)

To find the correction to F, we must eliminate u from Eq. (2.4.14) in favor of
T, V,and N. We can, to sufficient accuracy, replace u by its classical value
in terms of these quantities, using Eqs. (2.2.14) and (2.2.9):

Helass = —kT log (2.4.15)

NA?

There will, of course, be corrections to y (7, V, N), but these corrections,
substituted into Eq. (2.4.14), will produce terms of still higher order. With
the help of Eqgs. (2.4.12) to (2.4.15), we find

N2kTA®
F = F . ® ——(2)5/2V (2.4.16)
Now, P(T, V, N) is given by
oF N2kTA® NkT NA3
= T 75 T Ldass + 57212 = 573 (2.4.17)
oV 2"V Vv 2>V

Thus, the magnitude of the corrections depends on the quantum mechanical
overlap discussed in the last section. From the signs of the corrections, we
see that Fermi statistics, the exclusion of particles from multiple occupancy
of single-particle quantum states, has the effect of a repulsive force between
the particles, whereas Bose statistics, which is just the absence of any restric-
tion at all, has the effect of an attractive interaction.

In the next two sections we shall look into the ultimate consequences of
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these effective interactions, studying the Fermi and Bose gases in the extreme
degenerate, quantum mechanical limit—that is, at high densities and low
temperature.

2.5 THE VERY DEGENERATE FERMI GAS: ELECTRONS IN METALS

At the outset of the nineteenth century, the ageless atomic theory
of matter received a solid empirical grounding in the Law of Simple and
Multiple Proportions of John Dalton. For the ensuing century, many
competent, if conservative, chemists refused to believe in atoms, finding the
hypothesis unecessary and inconsistent with their philosophy of how science
ought to operate. One of the first to take a stand against Daltonian atomism
was Dalton’s contemporary compatriot, Sir Humphry Davy, discoverer,
among many other things, of the metallic elements sodium and potassium.
Davy’s position, however, did not derive from the obstinacy of conservatism
but rather from the inspiration of a visionary. That is, subsequent events
proved his objection to have been essentially correct.

Atoms were the ultimate, indivisible constituents of matter; that is the
very meaning of the word. There were 40 known elements at the time, and
that, in Dalton’s scheme, meant 40 distinct ultimate constituents, each with
its own independent, irreducible properties. Of these 40 elements, 26 were
metals, sharing in common high electrical and thermal conductivity, surface
luster, and other properties. This cannot, said Davy, be an accident that
happened 26 times. There must be a single underlying principle of metal-
ization.

Our respect for Davy’s insight will only be tarnished if we go into details
of what he thought the principle of metalization might be. At the end of the
century, the discovery of the electron—-that is, the first splitting of Dalton’s
unsplitable atoms—provided the essential clue. When atoms combine to
form a metal, each loses its outermost electron or two, these electrons
becoming common property of the system as a whole. It is the behavior of
this gas of electrons that gives rise to the properties of metals. Remarkably,
an excellent model of the conduction electrons in a metal is the degenerate
perfect gas of fermions.

In this section we shall study the degenerate Fermi gas, pausing from
time to time to discuss its applicability as a model of electrons in metals.
These ideas will then be further refined in Chap. 3, Sec. 3.6, when we look
at electron energy bands in solids. We begin by considering the ground
state of a perfect gas of fermions and later extend our treatment to finite
temperatures. '

In the limit of zero temperature, the Fermi gas goes into the lowest
energy state allowed by the Pauli exclusion principle, which it is obliged to
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obey. If we imagine the particles to have spin 3, as electrons do, then two
particles can occupy the single-particle ground state, with zero kinetic energy.
Subsequent particles must go into the lowest-lying available single-particle
states, which means that they must have nonzero kinetic energy. The lowest-
lying available states are successively filled, two spin % particles in each
momentum eigenstate, until all the particles of the gas have been used up.
The single-particle phase space will have all its cells filled up, from the origin
up to some momentum, called the Fermi momentum, pg, which will depend
on the volume of the box and the number of particles. From the point of
view of the single-particle states, we can picture a filled sphere in momentum
space, with radius pp. If we wish to think of many-body phase space, the
perfect gas sphere, Eq. (1.3.133),

3N

1
= 2,: (2.5.1)

has shrunk to a single point, since there is only one allowed set of the 3N
values of p;.

This situation is depicted by the Fermi-Dirac formula for the mean
occupation numbers, Eq. (2.3.7),

iy = ! (2.5.2)

"7 oxp [(eg — WIKTT + 1

if we take it in the limit as 7 goes to zero. In that limit, for states with
£, < U, the exponent in Eq. (2.5.2) goes to negative infinity, so that I
becomes equal to one. For states with g, > y, the exponent is positive
infinity, so iy is zero. A, is thus a step function, all states being filled up to
energy uo, where y, is the value of y at T = 0, as shown in Fig. 2.5.1. The
value of y at T = 0 is formally fixed by the equation

1
= li
N TE?) Z exp [(eq — p)/kT] + 1

(2.5.3)

Fig. 2.5.1
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We simplify matters greatly if we take the energies, &, to be a con-
tinuous distribution, ¢, and integrate instead of summing. Our excuse for
integrating here is not as it usually is (see Sec. 2.4)-—that the thermodynamic
fluctuations are large compared to the level spacing—but rather that there
are a macroscopic number of single-particle states filled, up to an energy so
much greater than the level spacing that the discreteness cannot be important.
We may then rewrite Eq. (2.5.3)

N = lim r __pede J” p(e) de (2.5.4)

where we have used the fact that n, becomes a step function at 7 = 0.
Instead of turning back to Eq. (2.4.4) to look up p(e), we can get the result
by recalling that N will be the number of cells in single-particle phase space
in a sphere of radius pg:

4 3
N = %’%L;) (2.5.5)

Solving for pr, we have

1/3 1/3
pe = 2mt () (2o (2.5.6)
Vv 47ng
Then p, is given by

2 2 2/3 2/3
uy = PR _ @R’ (%) (ﬁ) 2.57)

Let us take note of the fact that the chemical potential is, in this case,
positive. In Sec. 1.2b we argued that y ought, ordinarily, to be a negative
quantity, since, adding a particle to a system, we would usually have to
extract energy in order to keep the entropy from increasing. That argument
depended, however, on it being possible to add a particle at zero energy.
In the system we have here, no particle can be added with energy less than
lo- The chemical potential is thus positive. g, is sometimes known as the
Fermi energy, er. Furthermore, it is customary to define a characteristic
temperature, the Fermi temperature, Tr, by

kT = & = pg (2.5.8)
The filled sphere in momentum space is called the Fermi sphere (and some-

times the Fermi sea) and its surface the Fermi surface.
The density of states, given by Eq. (2.4.4), is proportional to &!/2. One
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consequence is that the average energy per particle is 3 the maximum
energy:
5 _ 15 ep(e) do
§o" ple) de

(i &2 de

& e'’? de
2,.5/2
S (2.5.9)
= 2,372  S°F s
3EF

The total energy is given by

2 2/3 2/3
E = iNg, = 2R (NNTR( 3 NPy (2.5.10)
1om \V 4ng

The entropy is, of course, zero, and the energy is equal to the free energy.
The pressure of the system is given by

p=—(%E) _2E (2.5.11)
av)y 3V

This finite pressure at zero temperature is the ultimate consequence of the
repulsive effective force between fermions that we saw beginning to develop
in Sec. 2.4. We note, in passing, that the result of Eq. (2.5.11), E = 3PV,
is actually quite generally true in the perfect gas, depending only on the
relation ¢ = p?/2m. (See Prob. 1.1b.)

Let us now consider qualitatively what we expect to happen as the
temperature begins to rise above zero. At sufficiently low temperature, we
should be able to think of the system as a perturbed version of what we al-
ready have seen at zero temperature. There can be only one criterion for
how low a temperature is sufficiently low, since there is only one character-
istic temperature in the problem: we shall study the system in the limit

T« Tg (2.5.12)

We can start by estimating Ty, from

2 2/3 2/3
T, = G (3 NN 2.5.13)
2mk \4ng Vv

Since we shall be interested in applying the model to electrons in metals, we
use values of the parameters that are appropriate to that case. For the mass,
we use the electron mass, 9 x 10728 gram; we take g = 2 corresponding to
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spin 3. The number density of conduction electrons in most metals is in the
range | — 10 x 1022cm ™3, Taking 8.5 x 1022, the value for copper, we get

—27\2 2/3
T, = (6.6 x 1077) _ 3 (8.5 x 10223
2% (O x 10-2% x (1.4 x 10-'9\12.6 x 2
— 8.5 x 10%K (2.5.14)

This result, 85,000 degrees Kelvin, may be compared, for example, to the
melting point of copper, which is on the order of 10°°K. We see that at all
temperatures at which copper is a solid, Eq. (2.4.12) is satisfied; the electron
gas is in its low-temperature limit.

As the temperature rises above zero, the particles of the gas tend to
become excited with an energy of order k7 each. However, those clectrons
deep in the Fermi sea, much more than kT below the Fermi surface, cannot
be excited, because there are no available states for them to be excited into.
Only those within about k7 of the surface, a very small fraction, of order
T/Tr of the whole gas, have any chance of being excited. The rest remain
unaffected, unchanged from their zero-degree situations. The net result is
that the mean occupation number becomes slightly blurred compared to its
sharp, step function form at 7 = 0. The width of the blurring is roughly
kT, as shown in Fig. 2.5.2. All the thermodynamic behavior of the system
takes place, basically, in that narrow band, of width ~k7, about the Fermi
surface.

Fig. 2.5.2

‘We are now in a position to understand the resolution of what was once a
deep problem in the theory of metals. The electron, as we started to say
earlier, was discovered in 1896 by J. J. Thomson. Thomson quickly. made
use of his discovery to explain a number of phenomena, including the proper-
ties of metals, for which he examined what is basically the model we still have,
that the metal is permeated by a gas of free electrons (the model was originally
proposed by Drude). He showed some striking successes, among them a
derivation of the Wiedemann-Franz law for the universal relation between
the electrical and thermal conductivities of metals. However, there was a
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quite serious failure as well: the electron gas, if it existed, should have had
the same heat capacity as any other gas, 3k per particle. From the known
heat capacity of silver, an upper limit could thereby be placed on the number
of electrons in the gas. If the number were any larger, silver would need a
larger heat capacity. The result was far too small to account for the other
electrical properties of the metal.

If the electrons have the properties of the perfect Fermi gas we have been
considering, the dilemma can be resolved. All the electrons participate in
the conduction of electricity in the metal, since an electric field has the effect
of displacing the entire Fermi sphere; the field acts on all the electrons. How-
ever, only those electrons within k7 of the Fermi surface can be excited
thermally, so that for heat capacity purposes there would seem to be a gas
consistingly only of the small fraction, 7/7%, of the electrons. If there are N
electrons in all, we would expect a heat capacity on the order of $Nk(7/T}).
Note, for future reference, that we are predicting a heat capacity linear in T
(i.e., proportional to T).

There is, of course, still an important drawback to our use of the perfect
Fermi gas as a model for electrons in metals: how can we possibly think of
charged particles like electrons as noninteracting? And for that matter,
how can we imagine the background of closely spaced atoms through which
they travel (o be an empty box? Strictly speaking, of course, we cannot do
either; and yet, both are, often enough, surprisingly good approximations.
The reasons are as follows:

1. The metal as a whole is clectrically neutral, the negatively charged
electrons traveling through a background of positively charged ions. The
positive background has the cffect of allowing the electrons to shield them-
selves from one another. We are dealing, then, not really with free electrons
but rather with ones that somehow carry some positive shielding with them;
we shall eventually come to modify the model accordingly.

2. The Fermt distribution itself tends to retard collisions between the
electrons. Quantum mechanically, thc effect of a potential of interaction
between the particles, thought of as a perturbation of the perfect gas picture,
is to scatter colliding particles into new momentum states. However, at
thermal energies, only 7/7 of the particles are close enough to an unfilled
state for scattering to be possible. For all the particles deeper in the Fermi
sea, there are no states available to scatter into; there simply can be no
scattering, hence no collisions.

3. The remaining objection is that even if the particles are nearly non-
interacting (with each other), they are not in an empty box, nor (what is the
same thing) in a uniform, positively charged background, but instead find
themselves in a closely packed lattice of heavy positive ions. It is only in an
empty box that we can expect them to have states described by Egs. (1.1.1) to
(1.1.4), specifically, by g, = #>q*/2m. However, with regard to their momen-
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tum states, we must think of the electrons as waves, with wavelength A = 27/q.
The atomic structure of the background cannot be very important for those
states with A > a, where a is the spacing between the atoms; very long
wavelength electrons should be insensitive to structure on a much finer scale.
We can thus expect that for low-momentum states (p = #fg = 2n#/}) the
basic form, ¢ oc g2, will be preserved. At higher momentum, as A starts to
approach a, the relation between ¢ and p will depart more and more from the
perfect gas form. We shall work this process out in more detail in Chap. 3;
a typical example of what we shall find is sketched in Fig. 2.5.3. Even at
low g, where we preserve the quadratic relation between ¢ and g, the curve
has a different coefficient from the free electron value. We can write

_ hzqz

- (2.5.15)

€

where m* is what we shall call the effective mass. This can be thought of as
a result of the tendency of the electrons to shield themselves, as if carrying
along some of the positive background made the electrons heavier.

1
I
'
/. Free electron
|
1
|
|
I

~~Electron in metal

i
|
1

n/a q

Fig. 2.5.3

If the Fermi energy, &g, falls at a value of g where Eq. (2.5.15) is valid
(as it does, basically, for many metals), then we need only modify our perfect
gas picture by putting *’s on all the m’s. If, on the other hand, it falls closer
to g = n/a (as it does for insulators, semiconductors, and some metals),
then we should expect results qualitatively different from perfect gas behavior.
In any case, accurate knowledge of g(q) will allow us, in principle at least, to
find the density of states, p[&(q)], and do our thermodynamics, just as if we
actually had a gas of noninteracting particles in an empty box. The entities,
or particles, of this gas are not true particles at all but collective properties of
the electron-lattice system. This method of reducing a complicated problem
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to an effective £(q), and hence a density of states, is our first example of a
recurring theme in our study of matter: the construction of quasiparticles,
imaginary entities that do not interact very much with each other and may
thus be studied with our perfect gas formalism.

Let us go back now to the perfect Fermi gas and work out in detail some
of its thermal properties. The basic job is to evaluate Eqgs. (2.3.8) and (2.3.9).

To start with,
—kT log| 1 + ex K~ &
et ow (7

— ” y u____,__ &
kTJ p(e) log I:l + exp( e ):I de (2.5.16)

Q

o]

We can either integrate (2.5.16) by parts or take a shortcut by noting that for

all perfect gases (so long as € oc p?), E = —3Q. Thus,
Q= — 2 E = _2 ep(e)n(e) de
3 3 ),

2 4nV 5 ,3/2 (o 312 g
_ _24nVgV2m J e de 2.5.17)

3 (2nh)? o €CTHAT 4

The job reduces itself to doing the integral in Eq. (2.5.17) or, more generally,

integrals of the type
[* f(e) de
I = L AT ] (2.5.18)
The factor in the integrand
1
exp [(¢ — W/kT] + 1

is sketched in Fig. 2.5.2. With T« T, it is very nearly a step function.
Most of the integral I will therefore be given by

Ai(e) = (2.5.19)

Iy = J" f(e) de (2.5.20)
o

and we need evaluate only the correction terms, 61, where
I=1,+dI (2.5.21)

I, is the value of I at T = 0, and all the thermal behavior is included in
81, Itis important 1o remember, however, that we are changing T at constant
4, so that N may have to change. [We could, of course, imagine N constant,
but then u would have to change and I,, Eq. (2.5.20), would depend on
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temperature.] Since §I is a small correction, it is natural to seek a way of
writing I, in effect, as a Taylor expansion about T = 0.

2
I=1I,+ o T+1a—!2- T? + --- (2.5.22)
6T =0 2\0T? /)10

The crucial question here is the order of the first nonzero term, since the
thermal behavior of the gas at low temperature will be dominated by that
term. It will turn out that the linear term in Eq. (2.5.22) vanishes, and the
leading-order correction is of order T2. In deriving the result, let us be
careful to see why that happens.

Rather than push blindly ahead with the prescription of Eq. (2.5.22), we
can make better progress by some judicious analysis of the task at hand. If,
instead of integrating f(g) over the real n(c), Eq. (2.5.19), we integrate it
over the step function, we introduce two errors: we put in too much f(g)
where the step function is bigger than n(e) just below ¢ = yu, and we neglect
a piece of the integral just above ¢ = pu, where the real n(e) is finite but the
step function is zero. It is because these two errors nearly compensate each
other that the term linear in T in the corrections to I, vanishes. In Fig. 2.54

n(e)

N

Fig. 2.5.4

the two regions where n(e) differs from the step function are cross-hatched.
Our assertion that the two errors nearly cancel means that the arca under the
step function is nearly the same as that under 7(¢). The number of particles
at a given energy is the density of states, p(e), times A(c). Since p(e) changes
very little in the region near u where 7n(g) departs from the step functions, the
cross-hatched areas are essentially proportional to the number of particles
promoted from states below g, in the one case, and into states above g, in the
other. The near cancellation of these two effects, then, merely reflects the
fact that as the temperature is raised, the total number of particles is almost
conserved.

In order to proceed in calculating the correction terms, let us first of all
shift the origin, defining

€ — U
z = 2.5.23
kT ( )
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The correction terms in I are given by integrating f(¢) over the difference
between n(e) and the step function. This difference can be represented by two
functions of z, gy(z) and g,(z), which are equal to zero everywhere except
close to z = 0. They are sketched in Fig. 2.5.5. In terms of these functions,
the correctiong are given by

81 r S(©[g,(2) — go(z)] de

i

j "+ KTD94@) — go@KT dz (2.5.24)

where we have taken the limits of integration from —co to + o, since g, and
g, in the integrand are zero for large |z| in any cage. Since all the result will
come from z close to zero, we expand f(u + k7z) about z = 0:

fu + kTz) = f(u) + kTz (%’;) U

=f) + kTzf"(u) + -+ (2.5.25)

Step N

‘
1
|
|

. B
function )
|

|

I

- ukT

Substituting into (2.5.24), we get

81 = kTf(w) r [9:1(2) — go(2)] dz

«©
+ (KT)’f'(n) z[g,(2) — go(2)] dz (2.5.26)
o
Examination of the first term on the right shows that it is proportional to the
difference in area between n(¢) and the step function, { (g1 ~ go) dz. The
second term, however, has g, — g, multiplied by z, which changes sign
going through the origin, so that g, and g, will not cancel but contribute
with the same sign. Notice that if the first term drops out, as we have said
it will, all odd-order terms will go with it.
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The function g,(z) is just that part of 7 found atz > 0:

1 .
HE@)=—— (20
e+ 1
while go(z) is the step function minus 7 for negative z. That is,

1

go(z) =1 — — (z<0)

e+ 1
el
or =

9o(2) 1+ 1

1
= z<9)
e 4+ 1

The first term on the right in Eq. (2.5.26) is then proportional to

J“" [9:1(2) — go(2)] dz = J“"

0
_ ®  dz _ ° dz

) + _ooe—z+.l
_[ e+ 1

[o]
91(2) dz — j 9o(2) dz

«©

II

il

while in the second term we get
z dz 7

© o] ©
zg(z) dz — zgo(z)dz = 2 = —
0 —o 0o €+ 1 6

The net result for I, including the next-order term as well, is

— s ﬂ_z /] 2 7_754 ", 4
I j 50 s + Z LT + T2 fkTy 4+

(2.5.27)

(2.5.28)

(2.5.29)

(2.5.30)

(2.5.31)

(2.5.32)

Equation (2.5.32) is the basic result needed to work out the thermal properties

of the perfect Fermi gas.

If we substitute Eq. (2.5.32) into (2.5.17), we find, up to order 72, that

Q is given by

2 4nVgN2m32 2
Q= — _9*3 u5/2 + 1/Z(kT)
37 (2nh) 5 4

(2.5.33)
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The number of particles is

n . 3/2 2 2 N\
L2 2een s 2UTE] g

N = -2°
ou 3 (nh)? g8 ul/?

As noted above, the number of particles has had to change in order to keep
u fixed, but the change is second order in 7. The number at T = 0 is the
leading term [see Eq. (2.5.7)],

3/2,,3/2
Ny = 24"‘/____9?;’;3 H (2.5.35)
7T
2 2
so that N =N, [1 + %<£> ] (2.5.36)
u

These are results in the grand canonical ensemble, in which we imagine a
large “bath” of particles, with constant chemical potential. Many experiments
on metals are done using a sample with a fixed number of electrons (although
that is not necessarily the case—the sample could be part of an electric
circuit), so it is convenient to express our results for constant particle number.
In that case, u will change with 7. To allow for that possibility, we once
again call pu, the zero-temperature value of u and rewrite Eq. (2.5.36)

N =N, [1 + g("%)z] (f)m (2.5.37)
o

since, from Eq. (2.5.35), N, oc u*2. Now, if N is constant, N = N, but u
changes from pg. Solving for u, and setting 4 = 4 in the correction term,

we get
Uo n? (kT\?
= = 1 ——[— 2.5.38
T+ BT " ”°[ 12<ﬂ0> 2339

where, in the last step, we have made a binomial expansion of the denom-
inator, always keeping terms to order 72. Notice that if we had kept u
instead of u, in the correction term, we could now expand it the same way,
and the difference from Eq. (2.5.38) would be of order T*.

We have found, according to Eq. (2.5.38), that for a gas of a constant
number of fermions, u decreases slightly as 7T is raised from zero. This
decrease in u was to be expected; after all, we know that in the opposite limit,
T > T, the system must reduce to an ideal gas, in which the chemical
potential is negative, not positive as it is here. The chemical potential is easily
identified from the occupation numbers at any temperature in the range
T « T (sketched in Fig. 2.5.2), since, according to Eq. (2.5.2), at g, = y,
n = %. p is thus the point on Fig. 2.5.2 where 7 passed through 1. We see
that, to first order in 7, it is constant as the temperature rises but that it
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actually slips slowly to lower values of ¢ when studied with higher accuracy.
The entropy of the gas is calculated from Eq. (2.5.33), using

S = — (9_Q> _4VeV2m? 2 o (2.5.39)
oT Jy, @rh)* 3

We have obtained S in terms of T, V, and pu, rather than S(7, ¥, N). How-
ever, we now know that the change in g with T if we hold N constant will
introduce into Eq. (2.5.39) a correction of order T3, which we ignore. Using
Eq. (2.5.13) to eliminate the constants in favor of T, we find

2
s="mXL (2.5.40)
2 T
For the heat capacity, we get the same result:
A 2
o =78 == n L 2.5.41)
oT Jy 2 Tr

We see, as promised earlier, that the heat capacity is linear and of order
Nk(T|Ty).

At temperatures below 1°K, the heat capacity of copper is dominated
by the electron contribution. It is found to be linear, as predicted, and, in
particular,

< _ 0.8 x 107% (experimental)
NkT

Putting into Eq. (2.5.41) the copper value [see Eq. (2.5.14)] of Tr = 8.5 x
10*°K, we find

< 0.6 x 107*  (predicted)

NkT

Thus, even the magnitude is pretty close, and we even know how to fix up
the small difference. Since C o T5! oc m [according to Eq. (2.5.13)], we
need only assign to electrons in copper an effective mass, m* = 1.3m, to
obtain complete agreement.

Things are not really as simple as we have pictured them here. For one
thing, metals are not isotropic; they have crystal structure, and so although
there is only one Fermi energy (or chemical potential), the Fermi momentum
depends on direction with respect to the crystal axes. As a consequence, m*
will depend on direction. Moreover, even if long wavelength electrons do not
interact with each other, and are largely undisturbed by a perfect lattice of
ions, there are things in any real metal with which they do interact: impurities,
imperfections, thermal excitations of the lattice, and so on. Furthermore,
as we did mention, the situation does change for electrons of shorter wave-
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length. Yet, ignoring all those complications temporarily, we have put

together a simple, elegant explanation of one of the fundamental properties

of matter: the existence of metals. Can we confirm the essential features of
this elementary model by any observation other than the linear temperature

dependence of the heat capacity? Application of the model has depended

on some hand-waving arguments of which we might reasonably be skeptical:

do electrons really fail to interact with each other and (under appropriate

circumstanccs) the lattice through which they move? And, do they actually

bchave as if their masses were other than thc frce mass, or is m* just a

parameter for fixing up the magnitude of the heat capacity? There is, it
turns out, some direct cxpcrimental evidence on these points.

It is possible, under certain circumstances, to acceleratc electrons in
metals in circular paths by the same mcchanism that is used to accelerate
particles in cyclotrons. The electrons orbit in a plane perpendicular to an
applied magnetic field, resonantly accelerated by radio frequcncy radiation
if it is applicd at the right frequency,

w, = H (2.5.42)
m*c

where ¢ is the specd of light and e the clectron charge. The resonance is
detected by loss of radio frequency power to the clectron system. The fre-
quency is thus an independent way of measuring the mass. Furthermore, the
strcngth of the signal depends on how far an electron can go in its resonant
orbit before being scattered—that is, on thc electron mcan free path. The
cxperiments are done in very pure metals at very low temperature to maximize
the mean free path, precisely by doing away with those complications to our
model cited above. If our modcl is a good one, we should expect it to be
possible to rcach quite long mean free paths and to find masscs in agreement
with those deduced from heat capacity measurements.

These cxpectations arc confirmed. Mean free paths as long as 108 lattice
spacings (~ 1 cm) have been reported. The effective mass does depend on
direction with respect to the crystal lattice (we shall return to this kind of
detail in Chap. 3), but when properly averaged over dircction, the heat
capacity is found to be mcasuring the same kind of mass that enters into
Eq. (2.5.42). We may thus feel sufficiently confident of our basic model to
consider more sophisticated embcllishments. This we shall do in Chap. 3.

2.6 THE BOSE CONDENSATION: A FIRST-ORDER PHASE TRANSITION
In spite of the superficial similarity between the equations govern-

ing Bose-Einstein and Fermi-Dirac perfect gases, Eqs. (2.3.20) and (2.3.21),
the two kinds of particles behave in profoundly different ways in the low-
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temperature limit. The essence of Bose-Einstein behavior may be seen by
examining the Bose form of Eq. (2.3.21)

1

— (2.6.1)
2 oo T, — wikTT 1
which we may immediately convert to the integral
5..3/2 o 1/2
_ 47:Vg\/2m £'/% de (2.6.2)
n#)? o exp [(¢ — wIkT] — 1

Equation (2.6.2) relates the variables N, T, ¥, and y. As we have already
seen in Sec. 2.3, Eq. (2.3.14), in this case, in contrast to the Fermi-Dirac case,
the chcmical potential is strictly limited to negative values.

Consider a containcr of fixed volume, held by an external bath at con-
stant temperature, into which we place particles, thus successively increasing
N. The remaining variable, u, must adjust in order to keep Eq. (2.6.2)
balanced. The integral on the right will change in the same direction as
e**T: that is, as N increases, 4 must increase. Since y is negative, adding
particles has the effect of pushing it toward zero. If, at some finite N, it gets
pushed asymptotically close to zero, it can no longer change to compensate
further additions to the number of particles. We can easily see whether that
actually occurs at finite N by solving Eq. (2.6.2) with u set equal to zero:

~ .. 3/2 © 1/2
_ 4nvg2m (kTye | T XX (2.6.3)
(2nh)? o € —1
The definite integral has the value
o 1/2 -
XA g _ Ty 61 (2.6.4)
o € — 1 2
We thus run into trouble at a critical density
N 2.612
) =22 2.6.5
(V)c 2 26.5)

or, conversely, if we imagine reducing the temperature while holding N/V
fixed, the problem arises at a critical temperature

T — 1 ﬁ 2/3 (zﬂh)z
¢ 231lmk\ ¥V (475\/5)2/3‘ (2.6.6)

Equation (2.6.5) is a clear hint that the difficulty is related to the fact that
the particles can no longer be localized without overlapping quantum
mechanically.

The problem that we have run into here is apparently a serious one.
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Therc is no physical reason why we should not be able to continue adding
particles at fixed 7 and V, but the total number of particles, as counted by
Eq. (2.6.2), can no longer change. What happcns to the lost particles? Before
examining our mathematical apparatus to find them, let us consider for a
moment a more familiar situation in which an analogous phcnomenon
occurs.

Supposc that we takc some common gas, say nitrogen, N,, and start
feeding molecules of it into a fixed volume held at constant temperaturc.
We choosc the temperature to bc 60°K, just above the triplc point, and
assert in advance that throughout the experiment the nitrogen gas will be
ideal, obeying

|12

N=P— 2.6.7
kT ¢ )

We count the number of molccules that we have put in and simultaneously
measure the pressure, which, according to Eq. (2.6.7), also “‘counts” N. If
wc make a plot of the number we havc put in vcrsus the measured P, we
should, and do, get a straight line with constant slope V/kT. Howcver, wc
find at somc point that Eq. (2.6.7) abruptly breaks down, and thc pressure
stops changing, as sketched in Fig. 2.6.1. We can describe the Bose gas in
exactly ‘the samc terms if instead of Eq. (2.6.7), we use Eq. (2.6.2). On thc
ordinate, instead of P, we plot

© 81/2 de
- 2.6.8
g J o oxp (e — IkT] = 1 (268)

The initial slope is thcn 47Vgy/2 m3/2/(2n#)3. At the critical value of N, y
abruptly stops changing, just as P does in Fig. 2.6.1.

In the nitrogen experiment, the pressurc at which the curvc breaks is the
vapor pressure. At that point droplcts of liquid nitrogen begin to form in

(or v)

Fig. 2.6.1
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the container. As further molecules are added, the liquid droplets grow, but
the pressure remains the same; the extra molecules go, on the average, into
the denser liquid state. The gas phase, as we have promised, remains very
nearly ideal, but the amount in it ceases to change; in fact, as the liquid
comes to occupy an appreciable part of the volume, the amount of gas
declines. Figure 2.6.1 is evidence that a first-order phase change—the
condensation of a vapor-—is being observed. We shall find that a very similar
phenomenon occurs in the Bose gas.

If Fig. 2.6.2 is taken to describe the Bose case, the break in the curve
occurs at the point where u reaches zero. Beyond that point, the quantity of
Eq. (2.6.8) is no longer able to keep track of all the particles. We have made
certain approximations in arriving at that integral form, and one of them has
evidently broken down. The first thing that comes to mind is the propriety
of writing the sum, Eq. (2.6.1), as an integral in the first place. The criterion
for doing that, Eq. (2.4.1), is

2 2
kT > ;_ (2{) (2.6.9)
m

where I? = V23, To check the validity of the result we have here, we must
check that Eq. (2.6.9) is satisfied when 7 = T,. Substituting in Eq. (2.6.6)
for T, the criterion becomes

2)2/3
- 2.31.(47;/2)

The right-hand side is a number of order one. Thus, for any macroscopic
number of particles, we are evidently justified in integrating. The difficulty
must lie elsewhere.

The resolution of the dilemma is actually quite simple. We have taken
the density of states to be

N2/ (2.6.10)

p(e) oc gll? (2.6.11)

so that the density of states at € = 0 is zero, where it should, in fact, be one.
We have ignored all particles in the ground state. For the ideal gas and for
the Fermi gas, that is of no consequence whatever; for the ideal case, the
average number of particles in any state, ground state included, is much less
than one, out of the 1023 or so involved, whereas for the degenerate Fermi
gas, there are two particles in the zero-kinetic-energy state. For the Bose
gas, however, the mean number in the ground state is

— 1

Mo = (2.6.12)
In the limit as y — 0, the exponential can be expanded, to give
— T
i = — T (2.6.13)

u
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The number of particles in this single state becomes macroscopic as u — 0,
or, to put it Jdifferently, it is into the ground state that the missing particles
we have spoken of are disappearing. The phenomenon we are observing is a
phase transition: a condensation into the ground state, called the Bose
condensation.

The thermodynamics of the partly condensed system is easily worked out
once we know where to look for the missing particles. The integral in
Eq. (2.6.2) counts correctly the number of particles that are not in the ground
state. Let us call this number N*.

N* j“’ pede _ (Z)m (2.6.14)

e — T,

C

The second step follows, since, according to Eq. (2.6.3), what we are now cal-
ling N* is proportional to 732, All the remaining particles are in the ground
state. Let us call this number N,; then

No=N—N*=N [1 _ (Z>m] (2.6.15)

C,

The N* excited particles have all the energy of the gas. We therefore
correctly compute the energy from

E— j“’ ep(e) de

e:/kT —1
o © .3/2
= M (k)T | XA (2.6.16)
(2nh) o € — 1
Integrals of this form [Eq. (2.6.4) is another example] are given by
J ad dxl =T+ 1)n + 1) (2.6.17)
o € —

where { is the Riemann zeta function. In this case,

© 3/2 -
J $rdx _ Wn 1.341 (2.6.18)
e =1 4
We find for the energy,
3/2
E = 0.7710kTN* = 0.770NkT (;) (2.6.19)

The basic temperature dependence of the energy is £ oc 752, The heat
capacity at constant volume is

OE T\3?
C, =[=)=19Nk|[= = | 9N *k 2.6.20

C
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From the point of view of the heat capacity, the behavior of the excited part
is not very different from that of an ideal gas, in which C,, = 1.5Nk.

At a given density N/V and at sufficiently high T, the Bose gas is, in
fact, ideal and has C, = 1.5Nk. As the temperature decreases, (—u/kT)
becomes smaller, and as we saw in Sec. 2.3, departures from ideal gas be-
havior start to appear. The effective attraction between bosons, which will
eventually result in the condensation, begins to assert itself, and, in addition,
the heat capacity starts to rise above its ideal value. It reaches 1.9Nk at
T = T,; that is, the heat capacity is continuous in passing through T, but
has a cusp at that point. Cy/Nk is plotted over the whole range of T in
Fig. 2.6.2.

Fig. 2.6.2

It is sometimes said of the Bose condensation that it is a third-order
phase transition and that it is a condensation in momentum space, not in real
space. We shall argue here that it is actually a first-order phase transition
and that condensation takes place in real as well as momentum space, also
taking this opportunity for some general discussion of the behavior of matter
at first-order phase transitions. Let us begin with a brief discussion of what
is meant by the order of a phase transition.

A first-order phase transition is one in which there is a latent heat.
As we saw in Sec. 1.2g, two phases of matter separated by a first-order transi-
tion can coexist in equilibrium along a curve in the P-T plane, but when
they do, they differ in both specific entropy and in density (we also looked
into a generalization of these ideas to a magnetic transition). There are also
phase transitions in which there is no latent heat; that is, the entropy (and
consequently the density) is continuous in passing from one phase to another
(recall that the latent heat, L, is just T As, where As is the difference in specific
entropy between the two phases). There must, however, be discontinuities or
singularities of some sort in some thermodynamic function, or we would not
call whatever is happening a phase transition. An attempt was once made to
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make an orderly classification of all phase transitions according to where
discontinuities showed up. The scheme went like this:

1. In a first-order transition, the entropy is discontinuous.

2. In a second-order transition, the entropy is continuous, but its first
derivative, the heat capacity, is discontinuous.

3. In a third-order transition, the entropy and heat capacity are continuous,
but the derivative of the heat capacity, dC/3T, is discontinuous.

4. And so on.

Recently this classification scheme has become unfashionable. One reason
is that it does not seem to work very well except for first-order transitions;
higher-order phase transitions tend to have infinities rather than discon-
tinuities in their thermodynamic functions. Another reason is that it tends
to misdirect attention from what is now thought to be the essential sameness
of all non-first-order transitions (this second point is the subject of Chap.
6 of this book). Nevertheless, this scheme has entered the language of
physics, and we can see from Fig. 2.6.2 that the Bose condensation, in
particular, seems to fit the requirements of what we have called a third-order
transition above.

Our basic objection to that assignment is that even for first-order
transitions the classification scheme can be meaningful only if we apply it in
going through transitions at constant pressure, not at constant volume as we
have done in Fig. 2.6.2. In order to see the point, let us imagine what would
appear to be the heat capacity of some ordinary material if we caused it to
pass through what we know to be a first-order transition—say evaporation
from a condensed into a gaseous phase—at constant volume. The path we
will follow is shown by X’s in the P-¥ and P-T planes in Fig. 2.6.3. At low
temperature the material is mostly liquid. As we raise T at constant N and
V, evaporation occurs, causing the pressure to rise through the two-phase
region (i.e., along the vapor pressure curve) until, finally, at thc pressure
shown by the dashed line, all the liquid is gone and P departs from the
vapor pressure curve, henceforth to follow the pure gas equation of state.

P X P Vapor pressure
X curve
5 X
. X
S
3 . X
g Two x
~ phase
region
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Now Ict us see how thec heat capacity bchaves through all of this. Atlow
temperature, where thc phases coexist, we will have, approximately,
Cy dx

=¥ = xC, + (1 —x)C;, + L == 2.6.21
N xg ( )l dT ( )

where C, is the specific heat of the gas, C, that of the liquid, and x is the
fraction of the matcrial in the gas state. .

The first two terms represent the amount of heat required, per unit
tempcrature change, to warm up the gas and liquid, respectively. The third
term is the amount of heat that goes into causing liquid to evaporate. As the
temperature rises, x rises toward one, at which point we depart from the two-
phase region. At higher T we have

%V el (2.6.22)
In crossing out of the two-phase region, the second tcrm in Eq. (2.6.21) goes
continuously to zero, but the third term might vanish discontinuously,
depending on the shape of thc coexistence curve (L usually does not change
rapidly with T'; the discontinuity depends on how fast x is changing as the
coexistence curve is crossed). Thus, in thc entire curve of C, versus 7, the
most dramatic evidence we can hope to see of a first-order phase transition
is a discontinuity, as sketched in Fig. 2.6.4. The point here is that if we werc
to use this curve to decide the order of the transition according to our classi-
fication scheme, we would (incorrectly) decide it is second order at best,
possibly third order.

Cy

Fig. 2.6.4

The correct way to do thc job is to pass through thc transition at constant
pressure. In that case, the path followed is shown in Fig. 2.6.5. Now the
entire two-phase region is traversed at constant temperature; the entire
latent heat must be put in with no change in temperature at all. The apparent
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Vapor pressure

curve

Two-phase
region

Fig. 2.6.5

heat capacity at that point is a delta-function infinity, the area under thc
delta function being the latent heat. C, is sketched in Fig. 2.6.6.

It is, of course, experimentally difficult to measure C; directly. To do
so, we must imagine that the material of interest is in a cylinder with a
movable piston, maintained at constant pressure by changing the volume.
Nevertheless, Fig. 2.6.6 is the kind of information we need to make a clear
identification of a first-order phase transition. Fortunately, we can construct
Cp out of the more easily measurable Cy, if we know, in addition, the equation
of state of the combined system. They are related by Eq. (1.2.107).

oP 2
Cp — Cy = TVK. — 2.6.23
. — Cy . [(ar)] (2.6.23)

In the two-phase region, a change in I at constant ¥ slides P along the vapor
pressure curve, so that (6P/0T)y is finite. However, the compressibility, K,

defined by
Ky = —+ (%Y (2.6.24)
V\oP)r
is infinite: isotherms in the P-V plane, as shown in Fig. 1.2.6, are horizontal.
V changes by a finite amount with no change in P, and T constant as well.

Cr

Fig. 2.6.6
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Thus, according to Eq. (2.6.23), C; is infinite when the phases coexist cven
though Cy is finite. Actually, the horizontal isotherm, meaning that a finite
discontinuity in ¥ occurs at constant P and T, is itself sufficient to identify
a first-order phase transition.

All this discussion indicates that we must know the equation of state,
P(T, V), of thc degenerate Bose gas if we are to judge the order of the
transition. To find it, we could begin by computing Q from the Bose form
of Eq. (2.3.20) with g = 0. Then since, in general, Q = F — uN, we have,

in this case, F = Q, and we can find the pressure from P = —3F/gV. It
is easier, however, merely to recall that PV = 4E as usual, so that
3/2
p=2E_ 53Nk (T (2.6.25)
3y vV \T.

where we have used Eq. (2.6.19) for E. Eliminating T, via Eq. (2.6.6), we
find

_ 4nV/2 (2.31m)*?

(2nh)?
kT

=12 e (2.6.26)
The pressure thus goes as 7°/%, but (and here is the important point) it is
independent of the volume. Atconstant temperature, if we change the volume,
the pressure stays constant. In other words, the P-V isotherms are horizontal.
That was, remember, the unmistakable signature of a first-order phase
transition. The compressibility is infinite [since, according to Eq. (2.6.26),
(0P/oV)r = 0], and so it follows from Eq. (2.6.23) that C; is infinite.

Let us try, now, to make a detailed, consistent description of the degen-
erate Bose gas as a system in which a first-order phase transition is occurring.
When the system becomcs degenerate—that is, when g = 0---we picture it
as consisting of two phases in equilibrium: the condensate, which constitutes
those particles in the zero-energy state, and the excitcd part, which, for want
of a better tcrm, we can call thc Bose vapor. As in other gas-condensate
equilibria, the gas has a much higher entropy and occupies 2 much larger
volume per particle than does the condensate, but the Bose case is a bit
special in that the condensate has zero cntropy and occupics zero volume.
The zero volume is made possible becausc the particles themselves, having
been assumed not to have any hard cores (i.e., repulsive interactions at short
distancc), occupy no volumec. We can scc that the condensate occupies zero
volume by the following argumcnt. Imagine thc Bose material to be in a
cylinder with a movable piston. According to Eq. (2.6.26), if we push the
piston in, decrcasing the available volume at constant temperature, the pres-
.sure will not change. What happens instead is cxactly what would happen if

x 0.523(kT)%?
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we tried the same experiment with a system of water and watcr vapor, or
liquid and gaseous nitrogen: the vapor is forced to condense at constant P
and 7. For real liquid-vapor systems, however, that process would have an
endpoint: once all the vapor had condensed, and the remaining volume was
full of liquid, it would take a rapid increase in pressure to compress the stuff
further. In our Bose system as well, we can proceed to push in the piston at
constant pressure until all the Bose vapor has condensed. The volume at
which that point occurs can bc found by solving Eq. (2.6.15) for N, = N,
replacing T, by means of Eq. (2.6.6). The condition is obviously that 7, = co
or, in other words, ¥ = 0. Zero is the volumc of the condensate. [Actually,
a bit of care must be taken, since our equations will no longer be valid if we
violate the quantum condition Eq. (2.4.1). It is fair to say, however, that
although the condensate consists of a macroscopic number of particles, it
does not occupy a macroscopic volume.] It was on the basis of this argument,
incidentally, that we asserted earlier that a condensation takes place in real
as well as momentum space.

The reader may be tempted to object that there is, after all, an important
difference between the condensation of a real vapor and the condensation
of a Bose vapor: a real vapor condenses into a liquid that is physically
localized at the bottom of the container, whereas the Bose vapor changes
into a condensate whose wave function has constant amplitude everywhere
in the container; the vapor and condensate interpenetrate completcly.
However, the fact is that even in the real system localization of the condensate
at the bottom of the container is an artifact of gravity, a perturbation that
we have not put into our model. In the absence of gravity, a real liquid, too,
would have equal probability of being found anywhere in the container.

Equation (2.6.26) is the equation of the vapor pressure curve of the Bose
condensate, sketched in Fig. 2.6.7. Unlike conventional vapor pressure
curves, it does not end in a critical point but instead continues on to arbi-
trarily high P and 7. In the P-V plane, the two-phase region occupies the
entire lower left-hand corner, as shown in Fig. 2.6.8. Since P, cc T3/? and

Condensate Coexistence curve (u=0); P ~ T2

Nondegenerate gas (4 < 0)

Fig. 2.6.7
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Nondegenerate
gas (u < 0)

Two-phase region

Fig. 2.6.8

T. o (N/V)?*/3, the curve bounding the two-phase region in Fig. 2.6.8 has
the form P o« (N/V)*/3.

Likc any first-order phase transition, thc Bose condensation must obey
the Clausius-Clapeyron equation, Eq. (1.2.128), for the slope of the co-
existence curve:

ar __L (2.6.27)
dT Joex T AV
In the Bosc casc, the cquation of the vapor pressure curve is really
wP, T)=0 (2.6.28)
so that, along the curve,
0—du=—Sar + Xap (2.6.29)
N N

The slope of the vapor pressure curve is thus given by

. _S (2.6.30)
dT coex V

The latent heat, defined as L = T AS is, in this case, just TS, since the con-
densate has zcro entropy, and as we have seen, the diffcrence in volume is
just the volume itself, which is also the volume of the gas. Equations (2.6.27)
and (2.6.30) thus agree. The entropy at any given volume may be obtained

from
T

2.6.31
o T 3 ( )

Wil
~|

where we have made use of the fact that £ oc 7°/2 and C, cc T2 [since
Cy = (6£/0T)y and E oc T°/2, it follows that Cy, = (3)E/T]. The latent
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heat of the transition is then
L =TS = 3E (2.6.32)

Substitution into Eq. (2.6.27) gives, for the slope of the vapor pressure curve,

ay 3 E (2.6.33)
AT )oes 3TV

This result may be checked directly by differentiating Eq. (2.6.26) and finding
E in terms of the constants, but perhaps it is easier to recall that P =
RE/V o T3'2, so that dP/dT = $E/TV as in Eq. (2.6.33).

Finally, it is amusing to note that sinee, in general, from Eq. (1.2.34),

E=TS — PV + uN (2.6.34)
and since in this case, 4 = 0, we have here
=TS — PV (2.6.35)

which may be checked by recalling that PV = %E and, from Eq. (2.6.32),
TS = $E. If we expand the system from zero volume at constant T and P,
we absorb from the medium an amount of heat . = TS, but this is § of the
cncrgy we wind up with. In the course of performing the expansion, wc do
work equal to PV on the medium, thus giving back % of thc final energy.
As wc have mcntioncd beforc, rcal interactions always dominatc the
behavior of matter at low temperature, so that thc Bosc condensation in its
pure form is never observed in nature. Neverthclcss, the behavior of the Bose
degenerate gas underlies our understanding of a number of real phenomcna,
including superfluidity and superconductivity, to bc discussed in Chap. 5.

BIBLIOGRAPHY

The behavior of perfect gases is a traditional part of any course in
statistical mechanics, and so the main features of this chapter will be found in
any of the statistical mechanics books, from Tolman on, cited in the bibliography
of Chap. 1. Our approach to the formalism has particularly followed that of
Landau and Lifshitz.

PROBLEMS

2.1 The number of states available to two systems in contact is larger than the
number available when the two are isolated from cach other with the equi-
librium values of their thermodynamic parameters. Thus, for example, if two
containers of ideal gas, each with the same N, ¥, and T, arc brought into
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contact, the entropy of the combined system should increase. Investigate what
happens to the entropy of the combined system under all permutations of the
following:

a. The particles in the two containers are/are not identical.

b. The two gases are/are not allowed to mix when contact is made.

A two-dimensional perfect gas is formed by adsorbing atoms onto a plane
surface with binding energy —e, (atoms are free to move laterally on the
surface). This gas is in equilibrium with its own three-dimensional vapor.
Find the number adsorbed per unit area as a function of P and T (P is the
three-dimensional vapor pressure) in the classical limit. Also find the leading-
order corrections for quantum degeneracy in the adsorbed part. Under what
circumstances might the three-dimensional gas become degenerate?

The quantity (07/0P)y (Where W is the enthalpy) is called the Joule-Thomson
coefficient. If it is positive, a gas can be cooled by expansion through a porous
plug.

a. Find (0T/0P)y for a classical ideal gas.

b. Find the leading-order quantum corrections for Bose-Einstein and
Fermi-Dirac statistics.

For a very degenerate perfect Fermi gas, find the energy as a function of
T, vV, and N up to fourth order in T.

N particles of spin + and mass m in a volume ¥ are able to form bound pairs
of spin zero with binding energy — E; per pair (E, > 0). The particles are
otherwise noninteracting.

a. Show by means of a variational argument that, in equilibrium,
Uy = 2,

where p is the chemical potential of a particle and g, is the chemical potential
of a pair.

b. Find the number of pairs in equilibrium at 7 = 0.

c. At what value of #; do the pairs undergo a Bose condensation?

d. Under what conditions of &, ¥, and T do the particles become Fermi
degenerate?

e. Find the critical value of (V/¥) for a Bose condensation of the pairs
when &7 « Ej.

For perfect gases in two dimensions, find
a. The Fermi degeneracy temperature, Tg.
b. The Bose condensation temperature.

c. The heat capacity at constant area in the low-temperature limit for
both the Fermi and Bose cases.

Below 1°K, a liquid mixture of the isotopes He® and He* undergoes a spon-
taneous separation into separate phases, one rich in He3, the other in He®.
This is a first-order phase transition, with a phase diagram that looks like
this:
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Two-phase region

0.1F

0 0.06 x (concentration of He?)

A very good, simple model is as follows: (i) The He* is close to its ground
state and has very little entropy. (i) The He3, in both phases, acts like
a degenerate perfect Fermi gas, with effective mass m* = 2.5m, where
m is the mass of a He3 atom. Below about 0.1°K, the two phases coexist at
constant concentration: 6% He3 in one phase, 100% He? in the other.

a. Estimate the difference between the binding energies for a He® atom
in the two phases at zero degrees.

b. Find the latent heat per He3 atom below 0.1°K.

c. Describe, quantitatively where possible, the heat capacity at constant
concentration, Cy, as a function of temperature, with x = 10%, He3.
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SOLIDS

3.1 INTRODUCTION

It seems fair to say that of all the enterprises of physics, the study
of the solid state is one of the most successful, whercas the study of the liquid
state is one of the least successful. Onc of our central purposes, in the next
two chapters, will be to undcrstand the reasons for this disparity.

To a large extent, our success in understanding solids is a consequence of
nature’s kindness in organizing them for us. The subjcct matter of this chapter
is chosen to take maximum possible advantage of that natural organization.
By thc term solid, we shall really always mean crystalline solid, and, more-
over, infinite perfect crystallinc solid at that, thus ignoring all questions that
pertain even to surfaces of perfect crystals, much less to impurities, imperfec-
tions, and, worst of all, amorphous solids and glasses. In doing so, wc turn
our backs on a very deep problem. Our ability to explain the various proper-
tics of solids may result from their natural organization—-that is, from their
periodicitics and symmetries—but the question is: To what cxtent do the
properties themselves depcnd on those qualitics? We shall return to this
point in thc introductory remarks of the next chapter, pointing out that
amorphous solids and even liquids have at least somc of the properties that
appear to result from crystal symmetries.

As we shall scc in Chap. 4, thcre is some difficulty even in defining un-
ambiguously what we mcan by a liquid. There is no such difficulty in the
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case of a crystalline solid. We can, in the first instance, distinguish between
a liquid and a solid by the observation that liquids slosh and solids do not.
To say the same thing in language more suitable for a sophisticated textbook
such as this, solids resist shear stress and support low-frequcncy transverse
sound while liquids do not. That, however, still leaves us with amorphous
solids and even glasses (which slosh but only very, very slowly). The rcal
distinguishing characteristic of the solids wc wish to deal with in this chapter
is periodicity.

The crystalline solid, as we shall know it, is a regular array of atoms, in a
structure that is repeatcd endlessly through space. The possiblc geometries
of the basic repeating unit, called the unit cell, will be discussed in Sec. 3.4.
We shall actually find it convcnient to think of the crystal as being com-
posed of a finite (though very large) number of atoms, N. Wc can formally
do so, without introducing surfaces that behave differently from interiors,
by applying periodic boundary conditions at the surfaces, and this is what
we shall always do.

Sections 3.2 and 3.3 deal with various phenomena that arise out of thc
fact that, at finite temperatures, the atoms in a solid are thermally excited
into vibrations about their equilibrium positions. These sections come before
the discussion of crystal structures, partly in order to emphasize that thc
results do not dcpend on geometric details, although some of the analysis
does depcnd on the fact of periodicity itself.

In Sec. 3.2, in particular, we shall be dealing with thc thermal behavior
of massive particles. The thermal behavior of the particles in this casc differs
from that of the perfect gases of Chap. 2 in that the intcractions betwecn the
particles will now be important and must be taken into account. When wc
come to count the possible states of such a system, in order to find its entropy,
we must, as always, do so in a way that does not distinguish bctween the
particles. This step cannot be done, as in Chap. 2, by counting the occupa-
tions of single-particle states, since that procedure dcpended on the particles
being noninteracting. Here, however, the organization provided by nature
comes to our rescue. The atomic positions in the periodic array, or lattice,
can, in principle, be labeled, and we can speak of the behavior of the atom
at a particular site. The fact that thc same device cannot be used in the
theory of liquids underlies much of the difficulty of that formidablc discipline.

In Sec. 3.5 we examine some of the consequcnces of the fact that all
processes occurring in crystals take place in a kind of space that has period-
icity but that is not uniformly invariant under translation. As wc shall see,
one of the results of real space being periodic is that momentum spacc be-
comes periodic as well.

Finally, in Sec. 3.6, we shall consider what happens to the degencrate
electron gas, Sec. 2.5, when placed in a crystal structurc. Among other
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things, we shall see why some materials are metals while others are insulators
or semiconductors. The last two classes are dielectrics, but we shall resist
the temptation to call their study dielectrical materialism.

3.2 THE HEAT CAPACITY DILEMMA

When Niels Bohr introduced his new atomic model in 1913, he
decided, understandably, to begin his paper with the strongest arguments he
could produce to show that unorthodox new directions were needed in
physics. Among the failures of classical physics that he cited was its evident
inability to account for the heat capacities of solids, a problem that, qual-
itatively at least, had already been resolved by Einstein in 1907 by applying
the embryonic quantum ideas then available. The basic picture of a solid,
then as now, was a regular array of atoms, each caused to vibrate harmon-
ically about its equilibrium position by thermal excitation. The classical
expectation was that the heat capacity that resulted should be a constant,
independent of temperature. That was generally found to be the case at
ordinary temperature, but when low-temperature refrigerants (such as liquid
nitrogen and oxygcn) became available toward the end of the nineteenth
century, it became clear that the heat capacities of solids became temperature
dependent at low 7. A typical heat capacity for a simple, atomic, insulating
solid is sketched in Fig. 3.2.1. The decline of C;, at low T was the dilemma
referred to by Bohr. We will come to understand both the dilemma and its
basic resolution if we construct a workable model of the solid and examine
its consequences for the heat capacity.

Rather than try immediately to attack the complex problem of the collec-
tive behavior of many dcnsely packed interacting particles, we shall begin by
focusing our attention on any one atom and imagine it to interact with the
averaged effect of all the other atoms. This is our first example of what we

Cy

Nk = 2

Fig. 3.2.1
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shall call a mean field theory—others to come later include the van der Waals
and Weiss theories of Chap. 6—and we shall find this one typical both in its
qualitative success and in certain kinds of quantitativc failure.

Each atom is found at a particular sitc in the lattice. We take r to be the
displaccment of an atom from its equilibrium position and u(r) to be the
potential energy of the atom, owing to its interaction with all the other atoms
in the crystal. We shall be intcrested in small, thermally excited displace-
ments, so we expand u(r) about r = 0, assuming, for simplicity, that the
potential is isotropic. Since there are no forces on the atom at r = 0, we
have at that point

2
u_oy THog (32.1)
or or?
the second condition ensuring that r = O is a stable position. The leading
terms in the expansion are then

u) = up + grz (3.2.2)

where o« = (82u/dr?),-, > 0. This is the potential of a three-dimensional
harmonic oscillator whose energy is given by

1 o
E=uok —(PIH P HP)H ST+ Y42 (323)

The term ug, which is negative, is the binding energy per atom of the crystal.
We can immediately writc the classical partition function for each atom as

(p,l‘) 3
R R R
_exp (—uy/kT) 7 3 B a_x2 3
= L] () ] [ oo (-55) ]

(32.4)

Aside from coeflicients, the integrals are of identical form:

2 1/2
J exp (— %) ¢ = %(ka—T> J n~*exp(—m)dnp  (3.2.5)

The limits of integration for the momenta are zero to infinity. For the co-
ordinates, we are formally limited to small r, but since the exponential,
exp (—ar?/2kT), becomes negligible for large r, we take thc limits to be —cc
and + co, and

© axz © axz
———dx = -—\d 3.2.
J—w exp ( ok ) X L exp ( ok > X 3.2.6)
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since the exponential is an even function of x. Thus, all the integrals in
Eq. (3.2.4) are of the form Eq. (3.2.5) with limits zero to infinity. The
partition function for each atom becomes

Z, = AKKT)? exp (— :_°T> (3.2.7)

where all the constants [including six powers of [¥ 77 !/% exp (—7) dy] have
been gathered into 4. The atoms arc indistinguishable, but we can distinguish
between sites on the latticc and associate Z, with whichever atom is on some
particular site. The partition function of the N atom crystal is thus

Z = ZV = ANKT)*" exp (— %) (3.2.8)

The free energy is
F= —kTlog Z = Nuy — 3NkT log kT — NkTlog A  (3.2.9)

the entropy

S = (6_F> = 3Nk log kT + 3Nk + Nk log 4 (3.2.10)
oT J,
and the heat capacity and energy
c, — (B = vk (3.2.11)
aT /),
and E=F+ TS = 3NKT + Nu, (3.2.12)

These are thc classical results. As one can see from the derivation, for
cvery term in the energy of thc system that is quadratic in one of the com-
ponents of p or r of any particle, we wind up with kT of encrgy and 3k of
hcat capacity. Thus, in the ideal gas, each particlc had energy ¢ = im X
(p2 + p* + p?), contributing 2k T to the energy of the system. In the present
case, each particle, according to Eq. (3.2.3), has six quadratic terms in its
energy, leading to a contribution of 34T to the energy of thc system. This
result is called the Law of Equipartition. Notice that the coefficients of the
quadratic terms make no difference: we have m multiplying the p? terms
and 1o multiplying the »2 terms, but each dutifully contributes the same 1k T
to the thermal energy. Details of thc model are also unimportant: if the
crystal werc nonisotropic, so that « had a different value for each direction,
or even if we abandoned the mcan field aspect and considered cooperative
oscillations of the atoms (we shall shortly see how to do that), the classical
result would be the same.

As promised, the behavior of real matter, sketched in Fig. 3.2.1, dis-
agrecs with this result at low temperature.
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a. The Einstein Model

The gross dilemma of why the heat capacity starts to decline at
low temperature is resolved as soon as we realize that the oscillations of the
crystal must be treated quantum mechanically rather than classically. Let
us revert once again to our mean field model. The quantum description
corresponding to Eq. (3.2.3) is that each atom behaves like three independent
harmonic oscillators, each of frequency w, with possible cnergies given by

£, = (n + Do + ? = &, + nfiw (3.2.13)
uy , fw
where €00 = 3 + > (3.2.14)

is the ground state energy and n is any integer. The partition function for
each oscillator is

Z,, = exp (— :’_;> > [exp (— %)] (3.2.15)

eXp ( — £0w/kT)

= (3.2.16)
"1 — exp (—Aw/kT)

[We summed the same series earlier, Eq. (2.3.15).] In our mean field theory,
the system is just 3N identical oscillators associated with distinguishable
sites, so we need only find the thermodynamic functions of one of them:

Fio= —kTlogZ,, = &, + leogI:I — exp(~:—c;>:| 3.2.17)

fico
Then Siw = —klog|l —exp| ——
o= ke[ 1o ()]

fiw  exp (—FAw/kT)

(3.2.18)
T 1 — exp (—#hw/kT)
E ., =F,+ TS, = &, + nho (3.2.19)
where A= 2P (ZhalkT) 1 (3.2.20)

1 — exp (—fiw/kT) B exp (Aw/kT) — 1

Comparison with Eq. (3.2.13) shows that 7 is the mean thermally excited
quantum number of the harmonic oscillator. Its form, not accidentally, is the
same as that of the number of thermally excited particles in each single-
particle state of a degenerate Bose gas.
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In order to find the extensive properties of the system, F, S, E, we multiply
the single-particle values by 3N. In particular, for the heat capacity,

¢, = (EY _ 3y (%
T ), aT ),

= 3Nk <h—“’ﬂ>2 exp (ficog/kT) (3.2.21)
kT | [exp (Fwg/kT) — 172

All 3N oscillators have the same frequency—that is a direct consequence of
using an isotropic mean field model. We have labeled the frequency wg, and
we expect it to have a different value for each material, wg being larger for
harder, more tightly bound materials. It is customary as well to define a
characteristic temperature, ©, the Einstein temperature, by

k©; = oy (3.2.22)
In terms of @, Eq. (3.2.21) may be rewritten
2
C, = 3Nk (®_E> exp (O/T) (3.2.23)
T ) [exp (©g/T) — 1]

We can see that Eq. (3.2.21) or (3.2.23) has the general form required by
Fig. 3.2.1 by looking at its limiting behavior at high and low temperatures.
At high T, which can only mean kT > ficwy,

exp @5 z1+@
kT kT

and we have
C, — 3Nk (High T) (3.2.24)

the classical result. At low temperature, k7 « fwg,

exp ii_w,,; » 1
kT
in the denominator, and we get

fiwg > hoog
- haod 2 _ e
C, —» 3Nk (kT) exp ( kT) (Low T) (3.2.25)
Here the temperature dependence is dominated by the exponential, and C,
falls rapidly to zero as ' — 0. Thus, C, goes to zero exponentially at low T,
to 3Nk at high T, and varies smoothly in between. The net result cannot
look very different from Fig. 3.2.1.

The model we have just worked out is the one proposed by Einstein, in
1907, to show how the new quantum ideas would resolve the heat capacity
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dilemma. With the advantage, now, of all quantum mechanics at our disposal,
we can easily see why it works, The fact is that any quantum mechanical
model, regardless of the details, will give C;, — 0 as T — 0. The reason is
related to the quantum nature of the Third Law of Thermodynamics, the
fact that thcre is only one ground statc for any system, which it occupies
at T = 0. The numbcr of low-lying states that can be excited thermally
decreases to zero as the temperature goes to zero. Consequcently, at T = 0,
dS/aT must be finitc, and the heat capacity, 7(3S/0T), is zero.

Aside from its historic importance in showing the way toward resolving
the heat capacity dilemma, we can examine the Einstein model for its appli-
cability to real solids. Broadly speaking, as we have already seen, it predicts
a heat capacity not very different from what one actually observes. However,
it disagrees with certain details of the behavior of real solids, and these areas
of disagreement will turn out to be characteristic of the failures of mean
field theories in general. Two particular types of disagreement are worth
focusing on.

1. The predicted heat capacity itself is incorrect at low temperature. In
contrast to the exponential behavior predicted by Eq. (3.2.25), the lattice heat
capacities of all solids at very low temperature are found to obey

C, < T* (3.2.26)

Thus the Einstein heat capacity drops to zero too rapidly as T approaches
Zero.

2. There are two material-dependent parameters in the model—wg, as
we have noted, and u,, the binding energy. It is important to realize that in
a self-consistent mean field theory, these quantities cannot depend on the
spacing betwecn the atoms or, in other words, on the density of the material.
If they did depend on the spacing, the motion of each atom would affect its
neighbors, and thus they would not behave indcpendently as we have as-
sumed, for example, in writing Eq. (3.2.21). However, the consequcnce of
this assumption, that the particles act independently, is that the material has
absurd elastic properties. The physical reason is obvious: it is indifferent to
its density and so does not oppose forces applied to it. Formally, the free
energy is 3N times the frec energy per oscillator; from Eq. (3.2.17), together
with Eq. (3.2.14),

F = Nug + 3Nfwg + 3Nleog|:1 — exp (—%):I 3.2.27)

It follows that the equilibrium pressure must be zero, since

_ [oF
P= (av)m (3.2.28)
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and the compressibility is infinite:

~2 -1
K, = —L (‘7_" _ [V ("_FZ ] (3.2.29)
V\GP Jrn oV T.N

Both the zero pressure and the infinite compressibility follow from the fact
that F(T, V, N) is independent of V.

Obviously, in any realistic model of a solid, the potential energy of an
atom must depend on its distance from its neighbors, and, consequently, the
atoms must act collectively, not independently. What is not so obvious is
that as soon as we fix up point 2, the low-temperature dependence of the
heat capacity will come out right as well. We can see the connection between
them, however, if we think for a moment about what any real material is
likely to do at very low tempcraturc.

At zero degrees (i.e., in its ground state) the system of atoms is in a
regular lattice at a spacing that minimizes its energy. The magnitude of the
heat capacity in this limit will depend on the lowest encrgy-excited states of
the system because when a bit of energy is put in, thereby raising the tempera-
ture, each possible type of excitation, acting like one of the Einstein oscillators
we havc just studied, will pick up a portion of it proportional to e~ *7 where
& is the energy of the excitation, and so each will contribute to the hcat capac-
ity a term proportional to e ¢/T, Thus, the lower the smallest unit of &,
the larger the heat capacity will be. We therefore wish to construct the
lowest-lying excited states of the system.

First, imagine moving one atom from its equilibrium position in some
direction. Doing so will raise the potential energy of the system because,
loosely speaking, the atom will move into the repulsive potential of a neighbor
on one side, and out of the attractive potential of a neighbor on the other.
The amount by which the potential changes is proportional to « of Eq. (3.2.2),
and since that is the effective spring constant, it is proportional to @? of the
vibrations that will result from this motion. However, we can construct a
configuration of lower potential energy, and hencc lower vibrational fre-
quency, if we allow the two neighboring atoms to move together with the
one we are considering, and their neighbors, in turn, to move together with
them, and so on. We cannot allow that process to go too far because if all
the atoms move together, we simply have a displacement of the center of
mass of the crystal as a whole, which is not the kind of excitation we want to
consider. Instead, we can imagine all the atoms moving nearly together, with
very little relative displacement of neighbors, but an absolute displacement
from equilibrium that gradually grows to a maximum as we proceed over a
macroscopic distance through the crystal, then diminishes back to zero again.
The result will be a kind of motion that, having very little potential energy,
will have a very low frequency. Since the energy to excite this motion comes
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in units of #w, this type of motion will have very low energy, and it is there-
fore the low-lying excitation we seek. It is a long wavelength sound wave.

We may thus conclude that the low-temperature heat capacity of a solid
will be dominated by collective rather than independent motions of the atoms.
Just as in the Einstein model, we can think of the system as a collection of
quantum mechanical harmonic oscillators but now they will not all have the
same frequency. Instead, there will be many types of collective or cooperative
motions, each with some characteristic frequency. We will call each a collec-
tive mode, or normal mode of the system. The magnitude of the contribution
each mode makes to the free energy, and to the heat capacity, will depend,
as we have argued, on the frequency of the mode, but the form will be the
same as in the Einstein model. We have already found the thermal behavior
of any single oscillator, or mode, if only we know its frequency. If we label
each frequency w,, then Egs. (3.2.17), (3.2.19), and (3.2.20) may immediately
be adopted for the general case

F=E,+ kT ¥ log [1 — exp (— Z—“T’ﬂ (3.2.30)
E = E, + Y Aho, (3.2.31)
and Ap=— L (3.2.32)

exp (Aw./kT) — 1

There remains only the job of enumerating the possible modes of vibration
of a real solid.

The enumeration of the normal modes of an harmonically bound crystal
is the subject of Sec. 3.3. However, we can understand the essential nature
of the heat capacities if we can answer immediately two questions: What is
the distribution of the lowest-lying modes (for they will govern the low-
temperature behavior) and what is the total number of modes (that will be
needed for normalization)? Take the second question first. There will
obviously be some maximum frequency of vibration of the crystal, corre-
sponding to the motion with the highest potential energy (it is a mode in
which neighbors move in opposite directions). Let us call this maximum
frequency w,. At sufficiently high temperatures (i.e., kT » #w,,), we expect
the law of equipartition to apply—after all, real crystals do obey equi-
partition at high temperature—and so the thermal energy of the crystal must
be 3NkT. Under these conditions, #w,/kT « 1 for all o, so we can expand the
exponential in Eq. (3.2.32), giving

A, = XL (3.2.33)

B fiw,

which simply restates the Law of Equipartition; the excitation energy of each
mode is n.fiw, = kT. Since the total excitation energy is 3NkT, there must
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always be 3N modes. That was true in the Einstein model (where all 3N
modes had the same frequency, wg), and it will be true in all other models
as well.

b. Long Wavelength Compressional Modes
The frequencies of the long wavclength sound modes will be given

by the formula
w = cq (3.2.34)

where c is the speed of sound and g = 2#/A is the magnitude of a wave vector,
q, which has discrete values fixed [as in Eq. (1.1.2)] by periodic boundary con-
ditions. Solids support both transverse and longitudinal sound waves, with
different velocities, ¢, and ¢,. Howevcr, in order to get a feeling for how
Eq. (3.2.34) comes about in the simplest possible way, Ict us temporarily
ignore the existence of transverse waves and find the lowest-lying frequencies
of a medium that has only longitudinal sound. The result will be applicable,
actually, only to liquids.

We wish to consider only long wavelcngth modes, so the underlying
atomic nature of thc medium cannot be important, and we may think of it
as a continuum. A small volume clement of the medium has a pressure P,
density p, and a velocity v (we will takc all motion to be along the x direction).
The forcc per unit volume on the volume element is in the direction opposite
to the gradient of the pressure, so the Newton’s law may be written

L L (3.2.35)
Ox ot
A second equation arises from the conservation of mass
ap 0
—~ 4+ —(p»)y=0 3.2.36
5 5 Y ( )

Thc waves we arc interested in are very small disturbances from the average
values of P, p, and v, so we write

P=P,+ P
p=pot+p (3.2.37)
v="0

where P, and p, are constants and the primed quantities are the small
disturbanccs. We now linearize Eqs. (3.2.35) and (3.2.36) by discarding any
term in which more than one primed quantity is found:

ox ° bt
o y (3.2.38)
& + Po—v =0

ot 0x
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At this point we have three unknowns, P’, p’, and v’, and only two cquations.
To remedy the situation, we take the density to be a function only of the
pressure, p = p(P). Then

op o
=p(P) + —P 3.2.39
P P(Po) 2P ( )
ap 1

or = Zp =P 3.2.40
F=p 2 ( )

where we have defined
2=0F_1 (3.2.41)

dp Kp

In the full equation of state, the density should depend both on pressure and
on temperature [as in Eq. (2.2.9) for the ideal gas]. Ignoring the temper-
ature dcpendence of p is equivalent to ignoring the diffcrence betwcen Cp
and C, or K7 and K, a good approximation for condensed media where the
compressibilities are small. The K appearing in Eq. (3.2.41) is thus either
K; or K. Substituting Eq. (3.2.40) into (3.2.38), we get

ap’ o’
P+ pp—=0
“ox TP
; ; (3.2.42)
pl vl
= 4+ — =0
ot po 0x

If we now take d/0x of the first of these equations, and 9/t of the sccond,
and subtract, we have

aZPr _ l
x?  c* or?

D
N
b\

—0 (3.2.43)

which is the equation for density waves traveling at velocity ¢. However, the
information we want is to be found from Egs. (3.2.42) by putting in trial
solutions

~

p’ = aexp [i(wt — gx)]
(3.2.44)

~

o' = bexp [i(wt — gx)]
The results are
0

iqgc*a — iwpyb
(3.2.45)
—~iwa + igpeh = 0

These are two linear, homogeneous equations in two unknowns, a and b.






